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STapslLITY OF THE SCLUTIONS OF FUZZY RELATION EGUATIONS

Part 2 : Undirectional Ferturbation

Li Hong=-xing

Teaching and Research Section of Mathematics,
Tianjin Institute of lextile zngineering,
Tianjin, China

In this paper, the stability of the solutions of
fuzzy relation equations is discussed by the method
of the undirectional fuzzy pertuebation. First, the
concepts of fuzzy perturbation matrix and fuzzy per-
turbation equation are advance, thus the stability

of the solutions is defined. Next, the degree of sta-
bility of the solutions, a kind of metric of the sta-
pility, is given. An ordered quotient set is induced
by use of the degree of stability, this egotient set
is of well chain characteristic, and equivalence
classes, the element ol this quotient set, are all of
well partially ordered structure as well. Last, we
sresent that the two open problems of the inverse
vroblem of fuzzy multifactorial evaluation muy be

solved of the results obtained.

Keywords: Fuzzy perturbation matrix and equation,
Stability of the solutions, Fuzzy relation eguation.

1. Iwne Stability of the Solutions

The stability of the solutions of 1uzzy relation equation

wis Uirst acvance by the method of tne directional fuzzy per-
turbation in vaver (1), .nd to solve the two open problems of
“he inverse oroblem of fuzzy rmultifactorial evaluation was

coneidered by use of the stability. In this paper, the stabili-
ty of ine solutions will be consider by the method of undirec-
fjonal furzy perturbation.



107

e U=§u1,...,un% and V={V1,...,Vh{? be two finite sets, and
F(U), (V) and F(UXV) be the family of all fuzzy sets on U,V and
UrV, respectively. We consider a fuzzy relation equation which

ripards Y€F(U) as an unknown element when BéF(V), REF(UXV) are

XoR=B (1.1)
he V (x.Ar..)=b. .
( lA lJ) J J=Tyeee,m

1<i<n

et F(.) be the family of all fuzzy sets on any set. We de-
fine o nartial ordering "<" in F(.) : By Ay iff 4,C 4, for

ary o, 6,€F(L). In addition, it is denoted A <A, that A <4,

2
i 11£A; .

Fm&’{:{XGF(U) lXoR:B}, it is common knowledge that the parti-
211y ordered set (X,<) is an infinite upper semilattice with
the reatest element. We principally consider the change of the

st o tne solutions X by the perturbation.

Ve | S 3 E’_ > o 3
vetinition 1.1 Let £€(0,1]. R'(rij+5ij?(rij)&)nxm is called

5 g-perturbation matrix of R. Where Eijz +1; ?:Q%+(1-Y)f§,?é(ogj)

N . p (o] . c s . .
‘{nﬂu*léipﬁf“jand satisfy conditions: ﬁ]fsstrlctly monotone
increasing on (0,17, Y,is strictly monotone increasing onEO,1/2]
and trictly monotone decreasing on (1/2,1].

Hemarg.,  wWhen 5..:—1, it is pcssible that r..—?(r..)€<10, i.e.
_— 1J 1J 1J

R&i(J). But it <o not hinder the discussion of us. Besides,
tne seaning of ?‘and ?Lis respectively: the larger the grade of

membershin, the larger the perturbation; the larger the grade
o iuszy, the larger the perturbation.

Lefinition 1.2 We call the equation:

wiich regards YéF(U) as an unknown element € -perturbation equa-

tion avout the equation (1.1/. The set of all the solutions of

the eaguution (1.2) is denoted}& .
1 /

Lelinition 1.3 For any Xé X, X is called &-stable, about the

equation (1.1), if it satisfies the equation (1.2), else, &-un-
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stabls, The set of all $-stuble zolutions is denoted X&.
'+ s clear that X=Y%AX .

Definition 1.4 Let

(. . =1 0 =1
p (0T b, =) ot
ig L ij o
: 0 , Sij" 1 ?\?(rij) , Zij‘ 1
we respectively call the matrixes
gt ol _
Ro=(r;*ay @)y 0 Ro=(rg=bis8) 0

pesitive part matrix and negative part matrix of R, and respec-

tively call ‘he ecuations

Yort =B vorE =B
yositive part equation and negative part equation of the equa-
cront C1.2). z2nd their sets of all the solutions is respectively
denoted ’J?z.f*and}j&'.

Remark, E*—stability may respectively be defined like cefini-

tion 1.7%, and the sets of all £-ctuble solutions is respective-
*. - - -
v cenoted Yand ¥t besides, it is clear that X':=y¥MXandY*=¥¥nX .

t AUt = yE A YE
Prososition 1.1 ¥nys =X"nX ]

e

rer 10 2{d I ?%J.:’l} and 15 ={i l XiJ.:-T}, we have

[

- i) it j + - — + - _ f "l' .
Provosition 1.2 (1) 19(\1‘j =@ and IJ.UIJ. _11,...,ni),
(7)) (95) 1h=p = x=x"and X*=x¥;
J
s 5 / . - ” > , . 1‘
(23 (13) 150 = X=Xx% and x*= Xt |

a vde -~ B f
Theorem 1.1 ¢ NXE e & < & ]

“roposition 1.3 (1) XE+(\ Xi’iff XE‘D I&;
AN . _ .
. (VJ)(13=¢ or 1J.=¢) = X =t "

“roposition 1.4 (&7 (0,1] &< Y= I‘?C x¢ (espcc/a, /gcy) IViC 3(8: ) |

Sroposition 1.5 1f & is appropriate small, then following

Jour egualities are eguivalent:

X_ Ar..= V (x.Ar,.)
S0 %J 1<ign ¢+ MY
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X Nr .+a_ .g)= V (x.Alr. .+a..
Nrggragge)=, ¥ OgA(r ea; 50))

A ~b &)= V (x., . .=D. .
XS,_(rSJ SJE:) Hisg l’\(I‘lJ lJ&))

XSA(PSJ+5éj§(r

S

DE)= V(AR5 n 08)

1<iZn

Thecorem 1.2 1f &€ is appropriate small, then Xt < X&, |

setric of the Stability

sefinition 2.1 Let W(X)i{ee(0,1] ‘ XoR* =B Y for any XéX . Take
e g L X = 10,1] such that
5(0)= suoW(a) ,  w(A)£P
{ 0 ,  W(X)=g

S{x ¢ cualled the degree of stacility of X, about the equation

efi ition 2.2 lor any X€X, let
- +
W) ee(0,1] | xoRS=B ¥
W(X)E § e (0,17 | xoR"=B 7
“re mapping S+,S-:fﬁuw* [0,1] such that
; +
. fsupw+(X> , WH(X)A
(0= .
5 0 ’ W (};)=¢
- csupW (X)) , W (X)#P
ST(X)=_ _
0 , W) =p
S7(sy und 5T(X) is respectively called positive direction de-
sree o7 stability and negative direction uegree of stapility,
o s, mbout the equation (1.1).
srovosition 2.1 ST is an isotone mapping and st is a inverse
ivot one mapoing. [ ]

O

ropooition 2,2 (1) ST(X)<sT(n) iff WH(X)<CWT(X) ;

LTS SY(L) Aff W (a)SwWT (L)
{ S(RY=sT(X)  iff W) awt(x)
(0 S(X)=<87(X) iff w(x)y<w (X) . ]
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reorem 2,1 ST(X)AST(X) LS(X)=tST(X) (vxeX) X

cercilery (1) sT(X)=s8T(X)  iff s(X)=8T(X) ;

o Ty sT(X)  1ff s(x)=37(X) ;
SP()=8T(X)  iff ST(X)=3(X)=ST(X) . |

nroosition 2,3 1f X<Y for any X,Y€X, then
(1 sl sT(X) > s(x)s5s(Y) ;
LYY= 5T(K) o> S(Y)=S(4) . |

orovosition 2.4 1f x=<Y<Z for any X,Y and z¢X, then
LK)y =s(e) o> s(k) =3(Y) ;

Cooooulny=o(e) s s(e)=so(Y)
(o0 olx)=s(z) o> s(Xx)yvs(zyss(y) . |

oeliostion 2.5 For any X¢X and jé-ﬁ y o .,m}, put
i { N _.A. [T 7 — ’
\wjux)_ {% (0,1 l v (Xi/\( rij+ 51330( rij )€ ))—bj 2’{

1<i<n

e r;::arwﬁjng,bjz X - fO,ﬂ such that

supW.(X W.(X
] S, W (04
J % 0 y W(X)=¢
J
C{(¥Y ¢ cualled degree of part stability of X, about eguation

[ 3

ositive direction degree of part stability o‘j(w.) and

tive direction degree oi part stability b:j'(X) is respective-
tv o ined like Lhe above.
YOy ] j o S X = S AV
roposition 2.9 S(X) /\ uJ-(X) (v xeX ) |

1< jsm

Jedinition 2.4 For any ~¢X and any jé-{ﬂ g oo ,m?{, put

TA{ T | KeAT =05 1

coroany bET ., put
J
Py yA | S _
iy {02 { ee(0, 1] !xt/\(rtj+ £ 9r)E)=b, 1r

: X~ {0,1] such that

e mEanping

S’tj
"*'—{Suwtj(x> ’ ‘”t‘j(/\)iéié
;)*1’(]&)_. /

L 0 , \/,tj(x)=¢



111

i called uegree of subpart stability of X, about the
sous or (1,1), Positive directicn degree of subpart stapility
5000 una negative direction degree of subpﬁrt stability SEJ(
r- snectively defined like the above.

sefinition 2.9 ror any Xx¢éX and je{’l,...,m}, put

'mj—i-{k ] A Ty s< bj }

crooany kén L, out
J

. VR Y | / _ '\,,
JKJ(A)_ {¢e(0,1] th&\rKj+5KJT(rkj)£)_bj ]

Toe maoping EkJ:X —» [0,1] such that
~ cunH, (A H, (X
6 (0ol uot (A) , Hy (X4
kJ 5 %)=
’ 0 ’ Lik‘j(A)—ﬁ
ok is called degree of subpart extension of X, about the
<}&)

custion (1.1),., Besides, take mapping EJ.: X—> fo,ﬂ such that

g.(X) vV E .(X)
J kex s kJ

]

=00 is called uegree of part extension oi X, about the equa-
on UL,

oronosition 2.6 For any x¢X, we have

g'SEJ(X) , 5=

( 5, 4(X)= J
23 - .
s Q_tdk)(\) ’ StL]_ 1
P 5 (X))= A S, AX))VE. (A
(i JU=C Y g URVE )
(2 s(x)= A LC Vs J(x)VC Vi (X)) )

1gism  téT, keK .
J J

"nree Ordered wuotient Sets

. . ot - .
-z eqguivalence relations E,E and E may respectively be

doterminied by the mapping S,S+ and o : for any x,Y &€ X
XEY iff  S(X£)=8(Y)
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AEYY  iff sY(L)=87(Y)
XETY iff sY(x)=87(Y)
Trus we obtain three quotient set&§ of X :

afE = ThneX Y /et < L) e WET = & [ aeXy

whiere 2, X ond A are all equivalence classes for X.
s/, X/BY and X/ET is resvectively ordered by — , —3 and—< :
For ony »,YéX
A=Y iff S(X)<5s(Y)
ot

oty it sT(X)=sT(Y)

oY iff ST{X)<KSsT(Y)

w2 obtain three ordered cuotient sets:
(X6, =), (X .3y, (X/E,—)
ncorem 2,1 ( X/t , —) is e finite chain.

Proor. we only need to prove the image set of Son X, 3(X), is

4 finite net, 1t is can be seen that

m m
S(X)C U S (X)) u (U S_.(XX))uC u E (XN
g=1 9 j=1 te . W kek s kJ

J

1

" w2 only need to prove thet Stj(X) and ikj(x) are all fini-
t ets, 1t is easy to obtain
9 ( -
GO Lol (L D) P Cples
v;)% 7&?()\:_, -(’\’

s "r,]} ’ ?(rt;})zo

-

i / {{0917 (bJ—rKJ'/?(rkJ'\} ’ ‘f(l"k.j%éo
f'i'(J'KX:)C_ \‘ .
/ (o} Y r‘kj)=O

fevice 3(X) is a .inite set. [ ]
worcilary  Put

by={(ry =00/ (r ) ‘te’i‘J, Plr, )40 T

s [V . - N
s={(bsmry /Pl 5) | keits, o(r, )=0F
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it8

“rer (X C (U (Ajwj))u{on} ]
crecrem 5.2 (1) ( X/EY,=3) is a finite chain, and its the

eyt est element contains some minimal elements of X and its

teset wlement contains the greatest element of X ;

(- ( X/E7,—=<) is & finite chein, and its the greatest ele-
wrt  ortains the greatest element of X and its the least cle-
mert - orntaine some minimal elemerts of X . |

t rd - N e A
b ritially Crdered Structure of X, X and X

cnempty nertially order set (P,<) is called upper . lower)

ircu. oue if every chain of P has a upper (lower) bound.

_etinition 4.7 Let (P,<) be a ronempty partially ordered set

e T (P*) be the of all maximal (minimal) elements of P. P is

. . 13 N . ) e ‘*‘ s
wwere sed of maximal (minimal) character if VYaeP 3béP (P, ) such

cotoae ()b,

Prooo 1tion 4.1 That P is upper (lower) inductiue implies

&t s possesscd of maximal (minimal) character. |

Cropo.ition 4.2 bor eny chainX , ofX, the leust upper bound
J#) ar o the ~reatest lower obound AN of¥) belong tosx. ]

“ropoolition 4,3 X is both upper inductiue and lower inductiue,

nee Y ie of beth maximal character wnd minimel character, [ ]

_necrem 4,7 For any Xe X/E, X is both upper inductiue and low-

=r ‘v uctiue, hence X is of both maximal character and minimal
SrLecter, |

i > —t o - A
_croilury  ror any X€ X/E' and 2 € X/E, X and X «re all both
;oper inductiue and lower inductiue. ilence they are all both

S roter vith maximum end character minimum., |

vory dimoortant that X is of maximal character and minimal

eracter, They have import.nt aoplications in the inverse pro-

uzzy multifactorial evaluation.

verse ~roblem of Multifuctorial Evaluation

common knowledge that inverse problem of fuzzy multi-
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¢oocicl evaluation ic expressed as the eguation (1.71). But

“nere re two oJroblems which need to stuay thoroughly.

~roplem 1 : ilow to chooce an element XO from X as the distribu-

fion i the weight numbers of the evaluation process when |X |>! 7
Problem 2 : How to choose A_€ F(U) as the distribution of the
wi i, nt numbers when X =¢ 7

he wo oroblems was discussed in detail by use of the stabi-
tity U —“he rolutions of fuzzy relation ecguations in the .aper
.1). In fact, the »tability ¢f the solutions of the paper (1)
i ‘e cases when Sijzﬂ and Sij=—1. (see the paper (1))
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