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RIS rank of a fuzzy matriz over a Sgne-
; urwmimla,h§)ﬁ and schisved tre {ollow~
P oved the umiqueress of ths cardiaal

veate o7 the naximum indepsndert group im & system S of a fuzzy
‘aator o to mny spanning set of itz gewerated sub-space <3 and

45 s 80 the minimum Spanning set of <82
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IS ioouas fuzsy vector and fuzzy matrixz over oco-
" / [ 0,1] , arbemax|a,bl, ab=mia{a,b}).
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Toy stion ghews that the operaticons mentioned above may sarnisfy
prosarties of the corresponding in ordimary matriz.

Yok o Yuzey vectors to he special case of fuzzy matyixn, 168 ope-

soLions will not be defined again.
1 shuious that the operation of addition of vectors and nul-
i iensiop ol veetkors hy g pumber i3 8 closed systen over the set
1 oa o wactors of np~dinm.
Doefienton 1%, Tet vectors syvstem Smfx,g e xk ﬂndK&&ﬁifﬁﬂﬁiQJ
25t £ i3 ecalled a lipesar combination of I3, or X i8
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spanned 'rom 3. When every vector in the system A of fuzzy vector
cun oo apanned from 3, them A can beg sparmed from S. Whem A and 3
cxn spanned from each other, they are called an equivalencs, and
gencted 08 4.

Avparently, these relations have the nature of reflexive, symme-
LodtesT o ane bransitive charachers,

e tin vion 1-2. A subzet W oof Vp is called a subspace of Vn’ if

apd only 10 W is a2 closed gystem for addition of vectors anpd multi-
plicnardon of vector by a number.

af a1l linear combimations of 3 is a@notea<5>ﬂfxl Xmgllgzb

M,
%

e S e leadr, and 1t is chviousiy a subspace of v .
i
frare Wy then 3 i3 ecalled 2 spanning sSet for W and subspace W is
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Dropos tion -1, Llet .ffx:i{{,l,)”‘, (h}, Bl bwhy then A~B 1fFf < A=

o
oc T Buppose A~D, them VQeW> do€let]l such that Q& = 5—,0“03 ’
W ,
VaeA 3B;¢&(01] such that Q= Z Pyb;
‘ - vy ) : -
why, as 2 (2 Bub ) = 2 1 Bi5)b, &B> 5 <A>cB> .
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Simitaryy, 3% A, Henced< A>=<B>
Tre converss 1s evident, l
Cere:cary 1. Two spamning sets of a subspace are equivalert to
eact, Chher.
Coerotlinry 2. let xe'vn, if X cannot bYe spanned by S, them X

canrot be spanned by any Spamning sets of < SY.

11, Tne depandence of systems of Gﬁzzy vectors.

Definition 2-1. let SV . S i3 independent if and only if VX¢€
(v mol ot lipear combimatiom of SN\J2J, If3X¢S, X is a limear

£ SN\JX}, S is said to dependent while X is called a
merit im S.  Otherwlse X is called an independent

combinncion
dapondopt &1
glemen in S

If X 19 a dependent element in S, thmaS«f§Qxy
By ot befinition, we have,

+

et chn‘ It a subset of S i3 dependent, then
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et 5= fﬁ o 4'XK'}C Virs )‘Xi:'(x« v Ln ,1-;,.")31’1(‘1 St=
Loy N : vy ? ; ; . )
',? A: L gy Y = ‘\,“ oy :L s = xx-aii.,-“ T -'.){ui n) = ‘/ Al 4 4 ® If b iS d@pendemt ¢

vy

in odependent.  When lh‘snnﬂxﬁ}rnrﬂand S' is dependent, then
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gerendent.

Ariion 2«26 let TE& SC Vr“" I 7 is independent and X i3 g

Ly filnation of T forvxesS. T is called a maximum imdependent

definition, we have the following properties:
ssstem of vectors and its maximum Independernt group are
Pl 00w
Twa maximuam Independent groups of U are equivalent.
; 4% 0 and A™I, then a maximum independent group of A is
o0t s,

r

necfoo ecase, I X 1s dependent element in 3, then a maximum

sendany group of “‘\Hlf 18 the same of 3.

{ i3 an independent element of 3, then 4 is an element of

aax i independent groups of 3.

Cinodon D-3%. 0 Tet S={&, -, X.5SV., k€S, X4 is a standard

-
and only 1€ when A= 20K ther X, =0 Xy.
A=

Tesition Pe let S=1%,---, B3¢ Ve, 5,65, and X« is a standard

where 3;€<5>, then3S, (1¢VeP) such that X,=3,.

3.
i e £‘
f i **K Z.

Fehet . Hnee vs c<s>  34;,ele 1) such that S, ~-la X, Therefore,

. P mo P
i f;; Doom L :‘?:“; “.3~‘K’L): ‘;-, ‘Z-, ,;) X « Them, by Defini-
wh 5 - ST R
r .
:iiVQ:x(%; {2).‘,\) X, « Since ;=,---,p (only finite values), there-
&

. N . —- =G
2w sisutp), Such thatX, =Q,,X < S, » but since X, = 2>/, we

=1
Hence XP\ '—:'-‘S'L -

apoe st T f'”ﬂ“ “ S.E?t L= s Ky, -~, };m Ch-‘\ln B X-‘:(:{U,iuix'k))c If 3 18 in"""
H y

¢ then there exist an independent system of vectors conposed

ieraned elements. This systen of vectors in subspaced(3r iz eoui-~
] 1

EFEN N ooand thelr cardinal numbers are also eguivalent to each
" LEVE;E D, 4, is standard element, then this proposition
ooy ooy tarable.
@ is a non-gtandard element ¥, in S , then BQJE{M] such that

AT I O L Qv

the independence of 8, we get AL« 1;,‘:&‘(‘1;“23:{_;“&)1;»;%"?(? »

DUDROBE ’(-’r‘«; = MG n“y,;x w=ln X2 Z 0 ,’Q;IX. then )»Ne{)(; v.§ s Xpk 0y < mau:{%l;»;%

a%“x
AR Lk Ay

Aty

T S L N e (CP] \i) LR - ;
I b T o= Lig, ===, Ly ) . then Xy €& {IZ\(% y and X pr =

D - V2 e
o MR » Heplacing Xy by X, then5, w)xw m&:
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shore .’AJ e 2 :i) ! —:{: "
pai, 5 EW
croey o proo? the following properties hold on 8 lees
~% .9 independent and i7 X 13 2 standard element for X €5 (LxW)
. o . R ) - i .
cen o oatill oa gtandard element for X € O s 1S =18]
standnard element, the replacement of X, ceases.

L contitl not a standard element, we may repeat the above
ud .
( . L 83 L o A 3XW i
ige s sy o ey ¥ Voo b O — e 3 7 oo b L M
rep incenant, we'll ge *~‘>.~;~\~Ew ALY, x «l’ s ., then a6 Jikliu?&,
XPK A W ) ¥4 i

,yf'_thEEtﬁ,%<nﬁ1{£@¥ = Moy and the above properties of I3, still
iy (O N s S

iedd e - at2. W0 long as no standard element aprpears in
bhe oredious runlacemszts, them jor every operation of replacement,

W ot R
e ©y g e Y _JVL,} e, Lhi aes
Lhawe wuflyxf1?m> &ﬁd.,~?K£\ :v} » Therefore, this process
3 reciacerent Tor Xy must terminate after a finite number of opera-
out this happens only when we have obtained a stamdard element

S S el

sireoe ooonly contalns finlte number of non-standard elements, there-
fora, = ter we go through a fimlte number of the above steps of re-
placencal, we are sure 0 ovtain an independent system of vecteors im

LLyy comnosed o standard elements equivalent to 5 and have the same

cardiaal numbers. i

tion 2-5. Iet 9=|Z »~-~,zm‘,c\,c,,R:§7,,~~~,X}Cv,,1f S is imdepen-—

)

dens Aard e, the mel,
Proot. By Proposition 2-4, there exist an independent system of

veerors L conaisting of standard elements in 5, such that 5+3,

Ginee ey, r;%;zraref(:sre,‘;%(l;»)é;[o s‘ such that X Z;Ou)y iorvx E‘ since
y_t,,5,~s{ug by Preposition 2-9, VX Qs 3j= K duch that 1 = oy P »

") W
SO L Lnen there axist ot least two vectors in S that worrespond
bepy coagne veohor in KBe It is contradiesory to the independence of
y hE e ars mii. i

coras oy T Any maximum independent‘grcup of a given gystem of
v o oo unioue cardinality.
cemy Ze o The maximum independent group of any spanming set for
Tlnirely seneratod subspace has a unique cardinality.
Ny oo . PR 4

o terw 3. The maximum independent group of any sSpanming sst

o i ety generated subspace is the minimum sSpanning set for the

it :
CE cion 240 The miaimum Spanning set of a finitely generated
BT calied the basis of tnis gubspace and its cardimal number

Pl o e vank of this Bubspacs.
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Eoie 7 runk of w fuzay matriz.

i orn -1, The subspace spanned from the row vectors group of
"t cateix o is called row space K(A) of A, while the rank of Ria)
cop oo Lhe row rank ol 4, and i3 densted by ﬂ(A). Colunn gpuce

©1 oo codumn rank B (A} are defined in similar way. If{%(A) =0 (A),
b s oo 1led the rank of A4 and is denoted by P(4).

tapry of Preposition 2«5 and Definition 2-4, p(Aa and 2 (A

vrooecidvely the cardinality of maximum independent group for

row ovectors of 4, and grstems o!f column vectors of A.

easily proof that the following propositiong hold

choeos ton Set. et A=(Qp) row vector Y is a linear combination

nxp

. PR h‘T Tk - -~ B
L )\‘,‘,fzq,;:bqwl\ MR \,v; } A'\» = ¥ %3 ~or \,‘K &K,

. . )
e, iR e, Gim ), AY = [

Pl

- . s My L, R i
= ’\A‘:"'l/, o, "';\): 4 L = ﬁ : \ ’ /A\(_ = ( L],""‘, L, C”vr: s "7, ‘:v;ﬂ‘,) + -h"

Jovtooen . 1T one of the conponents of row vectorr,is the unique
cvex i carponent of the corresponding column where the compoment of
‘o ety lies, then Ywis an independent element in R.

Joort v 2. 1 the minimum component of a4 non-iso-element's row
veote v the unlogue miaimum component o the corresponding column
At sinimur compenent lies, the pis an independent element in R.
ST ey G det X={00, oo ) s T E g gn) s 3X€EL0 1] such that P=aX
R X8 ols 4. ::17\6\_‘1.{?)“'“") ?S”'g for all ‘a~ of 3;( 1, for

N ansiiy obbtain the dual statement for the above corcllariesn

LI con Z=2. TP all elements in a row (or column) ‘of a matrix
onme ooy vt A ealled an iso-elemental row (column)e.
Wi cindimal elements of a matrix A sonstitute an iso-elememtal

A
cOw o oe i g

, thisg iso-elemental row (column) is considered to be
e D de and the matrix which contains the remaining rows{column)
20l o submatrix of A ‘

vion 3-2. 10 an operation of consecutive cancellatiom over

civaern catriy A and it3 submatrix is exercised, we will obtain a
. . ¥ 8] J Y p)

Kt DUEEOTTI R A, theanA)m LA, Gla)=L (& ).

rrao T, Appose we consecutively cancel the matrix A and 1ts sub-
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hively the third row and columa of &, we

5 iy S K
od 0ot e

Lo e snd 0.8 ol v oare unique maximal compoanents obf O

L
R SRe RSk are the unigue minimal
e o tharefore, Yy, Ltue=1,2 34 )
20 that ﬂfﬂ)=ﬁ‘
, ' rponenss 0.2 of €, and 0.3 of €, are the unigue
e emenents of r,oAand Ty rescechlvely, therefore, €, and U

Ty oehgn

, , : T , [ o
fnone comhinations of ONGT O and eN&J respectivelye

{ [ - P > '/ o Ooq
N ; 4 { ;/ 0.y 05‘ / )\ {I ‘ \
T . S 0. LU,
o3 esos) @ 0T ol T

. s 0.0 2 I v
Lo Y. ve.g Lol
y [N ,I G i 0. ")’ \ . ‘)ll =\ ¢ 8}

Looa finear oombination of N3G .

J.,
<
:
o
b
o

Yl oo linear eonsbinatb’ion S0 SRR O
i)
i iy ent osrouap o Aty
Voo el larn o oa Yafzww‘gn&xéﬂgﬁ“aww the Tfollcwing lhems
IS R ;

OhENOT .

eoel out matrix A and its submatrix, we get

with only orne single row or colunn.

Y (71, We may suppose than A' is a submatrix consain-

R

P - N - ’ . . -~ s
rte mmLumn@ we know by Proposition 3-2 that@aia) = 1,

/) )
nomponents (. :‘c; m;ﬁ&kT - 3111 which ﬂ;}x(lﬁi HI w:jl} have

G 4%

Ty ety Uv:? eol Tary 5. k\‘:r‘ b (= Q»,L‘ thus §0Pi}%. = w
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| . ‘ row 2an be cancelled, and when it 13 in
o ; cg column can be cancelled. Repeat the

to right, we will have at last,

e L be number of operations, & submatrix with only one
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