84

ON THE REALIZABLE FUZZY SYMMETRIC RELATION
AND: ITS CONTENT
CHEN Yijiang
Department of Mathematics, Hebei University

Baoding, Hebei, China

ABSTRACT
In the paper [1], LIU Wangjin introduced the concepts of a

realizable L-fuzzt symmetric matrix and its content, and obtained
the result such that a fuzzy symmetric matrix BELY is realizable
iff B=B. In this paper, we give the definition of a realizable
fuzzy symmetric relation as the generalization of problem in (11,
and show a necussary and sufficient condition for a realizable
fuzzy symmetric relation. We also obtain some results about

content.

1. INTRODUCTION

Let X and Y be two nonempty sets.

Definition 1.1. Let ﬁfi Y€ be a family of fuzzy relation on

XXY. we call that the fuzzy relation on XXY

Y)
R = LJ R,
determined by
R(x,y) = V_R%,y), VxeX, Vyev,
rel

the sum of RY), re I'.
Definition 1.2. Let R be a fuzzy relation on XXY, and 3 be a fuzzy
relation on YxZ., We call the fuzzy relation on XXZ

T = I Ra* éx)

X € [o.1]
the composition Of R and 3, and denote it by
T=R=* 3

~ =

where J,= { (x,¥) | B,(x,y)é A'}y Sa {(Y9Z) I i(y,z)ék}.
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We have

(R*s)(x,z) = V [R(x,y) A S(y,2)], Vxe€Xx, Vz €z,
yeyY

vefinition 1.%. Let R be a fuzzy relation on XxY. We call the

fuzzy relation R'on YxX the transposed relation of g, iff
E(y,x) = R(x,y), VyeY, VxeX.

Definition 1.4. Let R be a fuzzy relation on XxX. We call R a

fuzzy symmetric relation on X iff
R(x,x) = R(x,x), Vx,xXeX.
It is easy to see, that R'= R iff
R(x,x) = R(x,x), Vx, x'€X,
where R is a fuzzy relation on XxX.

Theorem 1.1. Let R be a fuzzy relation on XxY, Then R * R'is a

fazzy symmetric relation on X.

Froof: (B*E) (x,%) = V[ R(x,5) AKly,x)]
- yeY
= V [R(x,7)AREK,Y)]
yeyY
=V [E(f’y)/\-g(y,x)]
yeY
= (R*B) (xhx), Vx,% €X. §

2. THr REALIZABLE PROBLEM FOR FUZZY SYMMETRIC RELATION
AND ITS CONTENT

pefinition 2.1, Let B be a fuzzy symmetric relation on X. If there

are a set Y and a fuzzy relation R on XxY, such that
B = R * R|

—~ ~ P14

then g is called a realizable fuzzy symmetric relation on X, and R

a realization of B, and
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Y(B) = inf {car¥| 3 R on Xx¥, B =R * R'}

the content of B, where carY: is the cardinal numbers of Y.

Theorem 2.1. Let B be a realizable fuzzy symmetric relation on X,

then

B(x,x) € B(x,x), Vx, x¥eX. (1)
Proof: Suppose B = R¥R, where R is a fuzzy relation on Xx¥, Y is a
nonempty set. Then

B(x,x)

\% ['B’(,\X,y)/\E(X',Y)J
yeyY

VvV [B,(Xy")’) /\,B,(x,y)]
yeY

= V [R(x,y) AR(y,x)]
yeXx

= ,Bv( X,X)- I

If b satisfies (1), we say that B is quasireflexive.

N

Definition 2.2. Let R be a fuzzy relation.on XxY, and X' be a

nonempty subset of X. We call the fuzzy relation R,.on XxY the
single limitation relation of R on X',if

R (x,y) = R(x,¥), VxeX, Vyevy.

Definition 2.3. Let B be a fuzzy relation on XxX, and X' be a

nonempty subset of X. We call the fuzzy relation B,x on XxX' the
double limitation relation of B on X, if
Bax(x,x) = B(x,x), Vx, x'e€X.

Theorem 2.2. Let B be a realizable fuzzy symmetric relation on X.

Then B,;x’ 1s a realizable symmetric relation on X; where X' is a
nonempty subset of X.
Proof: suppose B = R ¥ R', where R is a fuzzy relation on XxX, Y is
a nonempty set. We have

, _ . .

sz’ Bx' (BXJ y

Indeed,
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[, * (Bp)'1(x, x)
=Yy [R (%, Y)ARL(x', ¥)]
=¥y [RG, ARG, ¥)]
- B(x, x') = Bya(x, x'),  Vx, x'€X'. i

(¢ 9]

Theorem 2.%., Let B, Y€ be a family of realizable fuzzy symmetric

relations on X. Then

B =UBG}’)
~ yel'™

is a4 realizable fuzzy symmetric relation on X.

B()’) ()’)

N : ” "
Proof: cuppose B'= A7'* A™, where A¥® is a fuzzy relation on XxY

We may suppose that YY), y€TI is disjoint each other.

Consider Y _‘_,ch’ and the fuzzy relation R’

rerl

on XXY, which is

defined by
m

A‘n(xy Y)r if yeX
E(Y)(X, y) - {N

o, if ygY7.

Take 4 fuzzy relation R on XxY,

Ho )
E'—JZ%R' !
we show tnat
E-R*R.
£ - — (e 1
[n “act, B(x, x") = (JZ%E' )(x, x')
= \G/ g(’ (X, X')
- V[ A%, ALY (x} y))]
ref eru’)
-V [ V@B, AR &', y)].
yE€Y rer

since Y9 is disjoint each other forv €', there is a unique Xel”

for any yeY, such that

(n(X’ .Y) o, VxeX, )'7lr°-
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i€ @y _, - 2] oY .
re\f' 1M x, v )ARA %,y ) (yéf, R (x,y))/\(yé/[,,fj, (x,y)), Vyex

Therefore,

B(x,x) = V [{ V_RAx,y)A( V R*(x,¥))]
er )’Ef’ rer
= V [R(x,y)AR(X,y)]
yeYy
= (R * R")(x,x), Y x, x‘eX. |

The following theorem is the main result in this paper.

Theorem 2.4. Let B be a fuzzy symmetric relation on X. Then B is

realizable iff it is quasireflexive.
Froof: The necessity is given by theorem 2.1.
To prove the sufficiency, suppose that B satisfies the condition
{1). wWe denote
/ B(a,b), if a, be {x,x}
,jé :(a;b) = {
xX o, if a¢ {x, x} or b¢ {x, x},

for any x, x'€X, x # x'\ It is easy to verify that Byxyx is realizable.

Since
/}\il = L—,J /ij}('}d’
X, X€L
then 5 1s realizable, by theorem 2.3. l

3. SOME RESULTS ABOUT GONTENT

Theorem %.,1.Let X be a nonempty set, the cardinal number of X

be a finite n, and B be a realizable fuzzy symmetric relation on X.
Then

Y (B) £ n(n-1).
bProof: By the proofs of theorem 2.3, 2.4,we have

7 (B) £ N,
where N is the cardinal numbers of Y, Y is the set consisting of
every subset which contains any two elements in X. We have N=n(n-1).

Therefore,
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7 (B) £ n(n-1). |

Theorem 3%.2. Let X be a nonempty set, with the cardinal number

c 2%, and B be a realizable fuzzy symmetric relation on X. Then
Y(B) £ c. |

Theorem 3.3. Let X be a nonempty set, and B, be a realizable fuzzy

symmetric relation on X. Then »(B) = 1, iff

]

B(x,x) B(x,x)AB(x,x), Vx, x'€ X.

Proof: Since ¥ (B)

1, there are a set Y which only contains a
element and a fuzzy relation R on XxY such that
B=R*R.
Thus, B(x,x)=R(x,y) A R(y,x)=R(x,y) AR(x,y),
B(x,x)=R(x,y) AR(x,y)=R(x,¥),
B(x, x)=R(x,y) AR(x,y)=R(%,Y¥).
Then
B(x,x)=B(x,x)A B(¥,x).
Conversely, if
B(x,x)=B(x,x)A\ B(x,x), x,x' X,
we take
R(x,y)=B(x,x), VxeX.
It is a fuzzy relation on XxY, where Y = {y}. Then
B=R*R&'.
Therefore,

y(B) = 1. |
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