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RANDOM SETS KEPRESENTATION OF FUZZY SETS'
COUNTABLE OPERATIONS

Yang Jian Li R Fu Xiang

Dept of Math,Beijing Normal University,Beijing China.

Wwang Pei-Zhuang,Il.R.Goodman and others have related fuzzy set
to random set and constructed the structure of falling space
(see 1], [2] [Z]) In this paper we put forward the concept of ran-
dom sets delegation with respect to fuzzy sets'coyntable union,
imtersection and complement defined by Zadeh in[?] On the basis
of (1] ,we go further into the problem about the relationship bet-
ween the fallability and the measurability of fuzzy set.

31. Introduction

Let @ be universal, Z(UWbe the set of fuzzy subsets of U, B
be o~field on U satisfying V&GU:&{u}eﬁ.For each uelU,define

:{56_,6,1165) (1.1)

Let & beo-field generated by {a]u eU) .

Definitioni.1 Put®(U)={A|AcU)},map %, K s2—>PH()is called

set-valued map from £2 to U.Let$, $; teT be set-valued maps,
are defined as follows:

AR S g‘_ﬁ 5

Qrge) () =0 3,(®) | vwes (1.2)
(Y3 = Ut , vewe (1.3)
($¢)(w) = ($n) Vvwesn (1.4)

Definitioni.2 Let(S2, 44 P) be a probability space,we say
(2,54, P U_ﬁ,é) is fall-shadow space.Mapf.n-»_8 is called vandom
set if § iss§- ,{5 measurable. -# denotes the collection of
all random sets.For every 4 ey/,the fuzzy set

Alg (W= Py (®)) | vuel (1.5)

is called the fuzzy fall shadow of § .Fuzay set A over U is
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called measurable if A is P -measurable function; A is called
fallable if there exists a random set 4 such that Mg=A .ALL
measurable and all fallable fuzzy sets over U are respectively
denoted by%(U)andﬁ(U).Ifﬂ(U):ﬁ(U), vwe say (nn,4,P U,ﬁ'%)
is complete falling measurable structure.

Propositioni.1 If T is countable,the’is closed under() o C,U
Let(s2,s& m) be any finite measure space ,forvE>Q,vwe introduce

inclusion relation:
= B (or B 5 A)eSsthee is Cod, ek TR (1.6)
m(cI< € ond A\CCB

Pefinitioni.? A“94,n=1,2,...,{A“}is called m-intersction se-
quence(or m-union sequence) ,if forVi,] and V¥ £>0, there is

some k such that
Ak%};_ Af’,ﬁAJ' ( oy ACUAJ%AK) (1.7)

Propositioni.2 {An}is m-intersction sequence iff{Aﬂ}is m-union

sequence.
propositionl.3 If {a.Yc 4 ,then
N o0
(1) m( Ax)=inf m(A,) iff {A.Yis m-intersection sequence.

(i) m(&ZA“)zsgp m(An.) iff {A,.}is m-union sequence. i
Corollaryl.t If Ajed, i=1,...,n. then

(1) m(ﬁlA;): E}E\{m(Ai)} iff there is i, 1sisn such that
A Ay j=1,...,0.

(i) m( }J:‘Ai)zg%zt“{m(lu)} iff there is i, 1=i=n such that
A S5 A j=1,...0.

§2. Delegation on operations of fuzzy sets

Definition2.1 Suppose (£L;4;ELL15}§) be a fall-shadow space,
andfﬁ(U) ijs closed under countable intersection,union and com=
lement defined by L.A.Zadeh in[7]. 0 ={ % |4cH(V), Us,=A

is called delegation with respect to fuzzy sets' countable

intersection,countable union and complement(delegation for
short),if any fyand $a.(n=1,2,...)&D ,hold

— — (2.1)
T nél Mfﬁ)\ = A~



«UG?A.‘ = UM?A = &3 An (2.2)

Mg ye = My )® = A" (2.3)

Proposition2.1 Let (22, 4 P; U,ﬁ_é) be fall-shadow space,
{f"}n=|z.~.cf » then

F [ 2,5 . .

A Mg“ =M( ﬁ_'t.\) iff vueU, {f,\(u)) is P-intersection

sequence .
-~ “
an 4,

troof. “f:“\:/uf,\ '—’ﬂ(nﬁ;fa\ &= VY uel, igfﬂtn(u)=/u(?§ fn)(u)@
vu, infP(. £X0))=P((J )" (W) )V u, infP(8s (4))=P(f, i)

Mgh = M(g $.) iff Yuel, $43(80)Yis P-union sequence.

From Propositioni1.3 (1)is clear. We can prove (ii) in the

similar way. ﬂ

Proposition2.2 For any random setf ,it holds Mg = (Mg ) .
Therefor f) is delegation as long as satisfy (2.1),(2.2). i

Theorem2.1 ={ fA, lé_ €F(U) ,M{;A) is delegation iff YueU,

{gﬁ)lgeﬁ(ﬂ)} is linear order set according to go.
Proof.Necessary. for any & R géej’,uﬂmﬁgng , then for any
usU holds P(%3(8) A §[8))=mini P(%(2)),B(%(0))} from coro-
Liaryl.1,we assert f‘g’(ﬁ) S fa(u) or ’f;(ﬁ)g ?E(ﬁ).

Sufficiency. Let {fA“)Cg@ ,for any fA;, fAj, YuH , We may as

- . ~ « - e -{ - -/
we]:l assume gAL (u)Eiji (u), then fi-“ (W) ﬁb (Q) ﬂjﬁ(u),
g;ﬁk (a) U f;j(ﬁ)% gAi (1). From proposition2.1 we know(2.1)

(2.2) are satisfied. 0
IN accordance with the course of the proof we have
Theorem2.2 15 ={% | A€K(U), Alg, =A } is delegation iff for

any f, , f_@ %Zj, M (44N t!é): AN0B. (or equivalentto,u(giugg)qiu@

§3. Existence theorem

Definition3.1 Let (©,4 P) bea probability space,
(1! % o4 is called strict nest of (2,4 P), if
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(VT ,%,e7)=> ((f{, =T or T, © T,)and (T& T,=>P(T, )= P(T2)))

(i) {Aﬁ)AEU“]C;;4 is called regular nest of (<2, s, P) if

o Pa)=2n, Wrele s

2% A =52, Ap= &

2 (YA, A €l01] Y (M<A =4, T A, ).

(ii7) D’:{d”}a;4 partition sequence of f2 is called regular

net of (31,541 P) if
d®= { D;... i, | ig=1,2; k=1,...,n}
]%V“Lne)4 (1 =1,23 k=1,...,n) (3.1)
P(Di.-uih)z,'ﬁn

b

DR—I'"“:n' UDLl._.i’nz = D‘:.---in 9 n=1 ,2,‘ o0

The regular nest is obviousely strict nest.

Lemma?.1 Let (S1”#¥_F7 ) be a probability space,if there is
subset family %B,}M_[o'uin,st which satisfys:
(1) P(Bp)= A vAel0,1]
(1) M<A2 =3 By, & B, VA0, 1] ‘
then (2, 4 ,P) has regular nest.fhe family satisfying (1) (i)
is called quasi-regular nest. ; ﬂ
Lemma3.2 (52, o4,P) has regular nest => (522, 4, P) has re-
gular net,
Proof. For any n-ary repeated permutation composed of t ur 2
41>+ 4dpn , define
fi4, -+~ An)=the frequency of 2's occurance in{ - An 3 (3.2)
when fd,>** A4n)Xx0,we define
gj1@~~ in)=the place figure of jth 2 in 4,*** 4n counting
from left to right; j=1,...,f(4-~An) (3.3)

g, U = 1) =03
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0, when f(4, - An)=0;

0"(4‘4“* i“)::{ Lok n) 1 (3.4)
%__L“: =1 IR, otherwise.

Let Dy =Ag, D2_=.S7_\Ai . Suppose Dg...y, has been defined,we cons-

+ 10 — N N N = ~ a ‘ N
bruu't' Di‘"‘&“‘ -— D£|'~\A‘,h nATLA'I'"‘&‘K)""E;“:,, D"‘\s\Ml D"I‘"A"\A\D“d.'.‘#\l
in order to show {D@~ni,]constructed as above is regular nest

1t is need only to prove that for any n-ary tepeatea permutation

{, -~ Anconsisting of 1 or.2, we have

E % ‘ L)Ll'“'/\\ay\ nAO‘(ip--A‘m)= CP

20 Ayt s S Aree ik
Wwhen n=1 , (1), (2) is easy to test.After assuming that for n-1
{1}),(2) is true,we consider any n-ary repeated permutation 4,+~-4&n

When ip=1, Djc.fuat = Dioiiipngy N Agii-e ‘qu)'!';l_;’ o (,;'...,Q“_“)zg'({'u!&\.q)
Ag‘(j,...gﬁgf“\‘oﬂ.,..:,M) » 80 Diipnt OV Agglyeefna D= b;

When 1,=2, Di-wdeg2 =D5ccidpn N Diyedy gt =i dng NActiy -+ fuedt i
(A > Lny 2) =Ky - A\’\‘\-\)"'E"‘;‘) then Ao dnAotdi s Rn0+ 15

therefor Apg...p 2Wi~tn2 =¢,80 (1) is teue.Wp hépe to
prove (2).

when in=1, Di..ip, 1 =Diieiny O\ Ak, ,"'ch_')_,,zl_“ ,

Byriy tan 7R (0 )+ CA,@....;,M)*# (with imductive hypothes<s)
< Agidieay UYDd-- 4, s then Aﬂin“‘ﬁm\)-fgéﬂﬁl“' ) D; . ik ,then
Aﬂ,;,.um|)+21.>é\¢(1....£“_“)CD),‘...LH, ,from (1)we know

When g2, Diing2z =05\ Ao nartd, Aftie - na )t T bt nat kb

= Aﬂlt.n-l‘m-mz{-(fith jnductive hypothesis)cC Ao‘(&‘..-i.‘.,)u"&v" St

1) « \ A - N YA
<. A‘rmr'-llu-n. )+ E%UDN' R B Ark‘t““‘\\m—\)ﬁl&,DA\" b AU'(_A:. “'I\}\OUD AR (U
As a result (2) is true. il

Theorem3.1 A complete falling measurable structure(n,;d;gui,ﬂ,é)
has delegation iff (52,54, P) has regular nest.

proof. Necessary. Suppose D .—:{35 \ A€ (U), /‘/&A:é} is dele-
gation,then VYV ueU, {3;(1'1)‘) is a quasi-regular nest,fome which
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we can comstruct a regular nest of (2,54, P) by useing lemma3.1
Sufficiency.Since (£2,#4,P) has a regular nest so it also has
net 5;§$hn@£¥ for nz1, we use a transformation,(seel[2])

9|: (&."‘L.\)——*(‘t"‘,”?&ﬁ") ; (3.7)

0. :(&'”5n)—‘*'Réé(iﬁlﬂq*5£2w%f“‘+5n)+' (3.8)
0,00is a one-one correspondence between {(ﬂ-n-iu)\ik=1,2;k=1,...n}
and 51,22,...,2“]. LetC:O.“ij, indicate

B‘Q)égpem , (k=1,...,2) (3.9)
it is easy to see Bg"e,A, P(B‘Q’):";{n,for any Ae€Z(U),i.e.A is

messurable, we define %:g *Q‘B‘:’x{u\g(u)z-% Y, and f& (w)z(GA )ew - ‘

Weved ,it is easy to test that §, is random set and

Wwe get the conclusion that {ﬁh,Léejﬁ(U)} is delegation from
the theorem2.2. ﬂ

For a probability space owning a regular net, we may cons-
truct a complete falling measurable structure,and immediatly
gain the inverse proposition of lemma3.2 from Theorem 3.1.By
the way we get a result on probability space:A protability
space has a regular nest iff it has a regular net.
Theorem3.2 A complete TFalling mecasurable structure
(Sz,ﬂQ,P{U,iiié) has delegation iff (s2 -4 P) has regular

net. ﬂ

¥or next section's discussion, we introduce the following

definition.

befinition3.2 ¢ =={3a | €% (U) Mg =4)is called single-
nest delegation on the fall-shadow space (52 A P;U,8 % )
if there is a strict nest % on (2% P) such that ¥ ,{&/%(U)
and ¥ ueU satisfys fzﬂﬁ)eﬁf .

$4. The measurability and the fallability

About the measurability and the fallability of fuzzy sets,
(1] has got (seel1] Theorem?)
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Theorem4.1 Let (Q,A,P;U,‘B,g) be a fall-shadow space, if
(,s4,P) is sufficient for(R,.B,),whered, is the Borel field
onlR ,then a given fuzzy subset A of U is always fallable
provided that A is (3B, 8,)-measurable.

We say that a probability space (2,4 ,P) is sufficient
for a given measurable space (X,#) if for any probability
measure m defined on B,there is asA -B measurable mapping
f: §2—*>X such that

MeedY=PCst (&) VBE % 4.1)

[1] d¢id not answer whether the invers prop of Th4.1 is true.
Here we weaken the need of the Th4.1 and in terms of delega-
tion give a sufficient and necessary condition. It is pity
that the problem is not completely sovled.
Lemma4.1 If (<2,44,P) is sufficient for (R ,B,),the
(52,44 ,P) has regular nest. ﬂ
Iheorem4.2 Let (52,9,P;U B, %ﬁ) be a fall-shadow space,If
{(..,54,P) has regular nest,then any measurable fuzzy set A
of U must be fallable.
Proof. Since we can construct a regular net from a regular
nest,given a measurable fuzzy set A,we can make a random set
€4 such thatjlgﬂ=ﬁ, by using the analogous method. u
“Accoding to lemma4.1, we know the Th4.1(i.e.Th2 in 1 ) is
the direct corollary of the Theorem.
uvemmad.2 Let (:1,;4,P;U;15,j§) be a fall-shadow space,and
{s2,4,P) have a regular nest {de*&ﬂfhen fallable fuzzy set
A is measurable iff there exists a random set? such thab
Ale=A and {'{"(ﬁ)‘)ueu is a strict nest.
Proof. Necessary. A is measurable fuzzy set, VueU let
F(u):ﬁﬁ if A(u)=A, thus this determines the mapping F. U4

Define fewy=FfulweFlWY vwes (4.2)

[f § is random set,$hen § (G)=F(u), therefore,L@—g and
{f(u become a strict nest.This shows need to only prove
% is random set,further more,we need only to show YewesS2, fcuﬁgg
We have a natural correspondence between {B“Jh{l?nd [0,1],s0
the topological properties of [O, 1] can be carried into{[b)}xgtog

"hus we _may suppose that {F(un)} is the countable dense sub~
set of {F(u)} ,then
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E‘—"pr(u.qF(u"> 1< A (4.3)
Let P{E)=A., clearly to show
fu ié,(u)77\»}C g(w) 3 u\ Au) Z A} (4.4)

If there is u,,A(u,)=2e such that uoej(w),thenwc—F(uo)zﬁ)‘.)
Besides,since F(ju| A(u)= xo)=B"?=F(u,),then Y u,A(u)=X:,and
e @#yu) i.e. uef(w ), so we have

7y 2¢(wW={u| A(u) =xoJoriu| Alu)> Ao}
Sufficient. Suppose that there is § shch that Mg:A
and 1 4@}, is & strict nest,then 3 («=fu|wsl)],
ForvAaelD,1],if all u hold A(u)>* or all u hold A(u)kn, then
%u]é(u)>J\\= aor oeB. Now we assume there are some u hold
A(u)"» and some u holds A(u)yA,letﬁ:ﬂﬁ"(ﬁ)‘ A(u)<)\} be a
strict nest,and%?w}' <% be increasing and V‘;*(ﬁ)efh’,there
‘ . ody - Rel, 2,5 . 40s 4. Py
is some N:F >f'(u) when nzN. Let‘é:fi (u)l§ (W)Y P} then
Tu] A(wsay=lufsH@) G} (4.6)
In fact,obviously jul Alu)>A Yo iu | ‘g*(ﬁ)é"g},moreover

V"\Ef\l! A(u)>AY,when u&ju |g'(@)e§), imply §"(ﬁ)=g1“°" ,then

(4.5)

;\x«w.—.P(g"‘(ﬁ))_—_P(Q'Fw)s.)\,this is a contradictory.

Let { G, c‘Yve a decreasing sequence andVS"(ﬁ)&(g,there

L.
is some N: §'(1)>G™ when n=N, If 4 has the minimal element G

then Gzﬂ‘g , for anywe G: ¢ (w)=1u] Z"(ﬁ)e‘j}:{u | ACu)=>AY eﬂg‘

Now we suppose that f has no minimal element,without loss
generality providing{ G™} are different,drawing Ll wsGy Wn

then | u|¢t(@edy = QE(w (4.7)

In fact,always '\\Jzﬁ,(wv\) C{u[t" (_ﬁ)ecg},on the other hand,draw-

ing any uegu\i“(ﬁ)etg},there is some ni Z"(ﬁ)DGm),thenwnef'(ﬁ):b
o

ue £ (wa)C UE (ww), thus (4.7) is true,from (4.6) and (4.7)

we know ] ul A(u)>x}eB.Consequently A is measurable. )

Theorem4.3 Let (Sl,pd,P;U,.B,é;) be fall-shadow space,and

(,4,P) have regular nest,then any fallable fuzzy set A is

measurable iff #(U) has single-nest delegation. I
On the codition given in [1],we have
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v
Corollary4. ! Let (2,4,P3U,8,2) be a fall-shadow space,

and (2,4,P) be sufficient for (IR, B.),then the fuzzy sets are
measurable provided that they are fallable iff %, (U) has
single-nest delegation.
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