22

Extension Principle and its Use in Fuzzy Optimization

Jaroslav Ramik
Iron and Steel Research Institute, Dobrd,739 51
Czechoslovakia

1, INTRODUCTION

The Extension principle introdiuced by L.A.Zadeh plays most
important role in fuzzy set theory, see e.ge [1] o In the present
paper we shall deal with two possibilities of generalizeation of
this principle to set-to-set mappings, We present several relatis
ons between the two possibilities one of which turns out to be
suitable for introducing the notion of optimal solution of a fue-

zy optimization problem,

2. PRELIMINARIES

In the paper [1] , the Extension principle reads as follows:
Let X, Y be sets , G be a point-to-point mapping from X +to
Y, iee G:X—Y, A be a fuzzy set on X , i.es AC X,
The Image of the of the fuzzy set A by G is a fuzzy set
G(A) £ Y such that

(1) 6y = 0v \V ax ,
¥=6(x)
xeX

where Ax means the value of the membership function of 4,

i.e. Axe [0,1] end [0,1] is a unit interval in the real line R,
By the symbol \/ we meen supremum (maximum) , the set of all sub=-
sets of X is denoted by 3(X) , the set of all fuzzy sets on X



is denoted by P(X) .

3. EXTENSION PRINCIPLE

We shall introduce two definitions of images of s fuzzy set

in case of set-to-set mappings.

Definition 1 , Let G be a set-to-set mapping, i.e.

G : 2Xx) — AY) , A being a fuzzy set on X , i.e, ACX,
The image of the fuzzy set A by G be a fuzzy set G,(A) C Y
defined by the following formula:

(2) Gy = 0vV

ye%( {x})
xeX

for all ye Y .

Definition 2 o Let G : P(X)—>P(Y) , ASX . The image

of the fuzzy set A by G be a fuzzy set Gz(é),c,'; Y defined
by the following formula:
(3) 6,(A)y = 0v Ve
~ yEG{
«&[0, 1]
for all yeY , Ay = {x €X 3 Ax e oo} being the w~level

set of A
vy

Set
(4) V(E,Y) = }¢
(5)  W(X,Y) = §¢

G: PX)—P(Y), UcVCX => GU)C a(V)},
G: P(X)— P(Y), UCX => &(U) C UU e({x})}.
X€

>

.

Asgsertion 1 , If G€ ’171 s ASZX, then
(6) G,(8) S G(8) ,
it eV

2, ASKX y then



24

(7) G,(8) 2 G(4) .
Corollary . Let G : X — Y be a point-to~point mepping.

This mapping may be understood as a set=to-set mapping by a natu-
ral way setting
eu) = U {cu)} .

ueU

It is easy to see that GE€V, n U, , consequently, by Assertion 1

for A < X we have

(8) G, (8) 5 Gy(A)
where "=" means the identity relation between two fuzzy sets.
Remark , It could be shown by simple examples that the

identity (8) does not hold in general.

Now, set
(9) V&) = G
(1) @ = {e

¢:Nx)— 3(X), 740X => ()< U} ,
G :F(X)—>2(X),84UcVcX =) UnG(V) < G(U)}

~e

-e

Aggertion 2 . Let Ge’l)é(x) and for sny xeX let
G(yx3}) # B, A4 S X o Then

~

(1) G S G = A .

Assertion 3 Let Ge'\g (\1}'4 » ASX , then
(12) G.(A)y = for ye U _G(4)
2~ y Ay y WG(O,']] /A“l ’

= 0 otherwise .

Moreover, the [ -level set of the fuzzy set Gz(é) satisfies the
following equality:
(13) (68 = Y eaa

€[0,1]

o Ep
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The proofs of Assertions 1 - 3 do not cause serious

troubles, they are straightforward,

4, FUZZY OPTIMIZATION PROBLEM

A fuzzy optimization problem is understood as optimization
(meximization or minimization) an objective function g:X—R
subject to a constraint fuzzy set USX . We denote this pgoblem
as follows: M

(14) max g(u) .
U

~

Immediately arises a question how the optimal solution of (14)
should be understood in the above constraint fuzzy set U o To
golve this task we define the following set-to-set mappings
(15) o) = 1xeX 5 xeU, g(x) = u\é/U g(u)}.

We could easily demonstrate that GOGEQYB(X)(\UQ(X) s consequent-
ly, Assertions 2 and 3 may be applied,

Definition 3 The optimal solution of the fuzzy optimi-

zation problem (14) is a fuzzy set Gg(g) defined by Definition 2
being applied to the mapping (15) .

Remark , Defining the notion of optimal solution of the
fuzzy optimization problem (14) , we use Definition 2 and not De-
finition 1 , The reason for doing so lies in in Assertion 2 ,

since G?(E) = ;g o Asgertion 3 demonstrates the structure of

the optimal solution of (14) .

Usually, the optimal solution of (14) is defined by the other

way, see e.g. (2] o Let
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(16) g(X) = {x€eR ;3 «o=g(x), x GX} ’
(17) UX =fweR ; w=Ux , x€ X} ,
and set

S = 3{(u,v)ER, 5 ueglX), veU X},
The couple (u ,v )€S is said to be a meximel element of S ,if
(u,v)es , u iua,vivo imply u=u, , V=V, s

The set of all maximal elements of S will be denoted by Smax'

Definition 4 , By the optimal solution of the fuzzy op-

timization problem (14) is understood a fuzzy set

(18) Jenrm

where

(19) w(x) = Ux for (g(x),Ux) € Spax *
= 0 otherwise .,

The following assertion demonstrates conditions under which
the optimal solution of the problem (14) according to Befinition 3

coincides with the optimal solution according to Definition 4 .

Assertion 4 , Considering the notation (16)-(19) , it holds
(20) Jokzyx S S@ .
The opposite inclusj:rion to (20) , i.e.
(21) Jauwmim 2 Sw

holds if and only if the following condition is wvalid:
) O <
(22) If x,yeG(Y,) for some O0< o =1, then Ux = Uy,

Remark . If for every O<w=1 g attains its meximum

on U, in one point at the most, then the statement (22) is true.
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Remark . The set-to-set mapping G° defined by (15) is
a special element of the system of mappings {GQ} s Where g£3zo0,

ct(u) = {xeX;er,g(x) z \/g(u) -8} .
uev

The extension Gg(g) could be taken as ¢ -optimsl solution

of the fuzzy optimization problem (14) .
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