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Linear Optimization with Fuzzy Constraints

Josef Rimdnek

The linear programming problem with constraints with
fuzzy coefficients and "ordinary" variables is considered.
The ineqguality relation between two fuzzy numbers is examined.
The presented approach is illustrated by a simple numerical
example.

1. Introduction and Preliminaries

The paper deals with considering imprecision in optimization
problems by means of fuzzy numbers. Approaches usually applied
to this situstion may be classified into two categories. The first
one consists in weakening the constraints of the classical
optimizaticn prcocblem and reforrulating it into a new one with
the set of feasible solution being fuzzy. The concept of the

optimel solution is then based on the intersection of fuzzy subsets.

—

Such an approach is called the "flexible programming" in & survey
by Negoita {2]. A

The second approach enables to model problems whose structures
ar>s not known exactly by taking into account the imprecision of
parometers already in the phase of construction of the model.
The problem obtained in this way has fuzzy coefficients, the
variables being non-fuzzy. The presented paper is devoted to some
problems arising with this approach /called by Negoita the
"robust programming"/. Though applicable to more general situations,
the approach is presented for the linear programming problem
where the constraints with fuzuy coefficients are considered,

A fuzzy number is a convex normalized fuzzy subset of the

recl line, i.e. a fuzzy set g of the real line E1 such that

'\7Lu,v€ElJ\'/Lw€ {u, VJ[//‘*%(W) = min&vj(u),/ﬁf(v)}

;l‘ ugEl [/,wa(u) = 1], .
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Let¢gl, ceer B be fuzzy nurmbers, x € En' The Extension
Principle enables to define the fuzzy number glxl(D o @ a x
~nn

/sec e.q. [3] /.The problem considered in this paper may be

{ormulated now as follows: Maximize the real function

subject to o

g < i )
:3j_lxl®312x2®"'®3inxn = by o 1= L2,
Xj ?‘ O 7 j = 1,2,..-,1'1;
wvith e B and fuzzy numbers‘gij, Bi being given, xéfnn,

2

vef ' being the sign of ineguality between two fuzzy numbers.
The crucial problem, of course, is the introduction of

& suitable inequality relation on the set of fuzzy numbers.

2. Comperiscn of fuzzy numbers

Numerous approaches has been developed for ranking fuzzy
nunters /see the comprehensive paper [l] /. For the application
to optimization problens, the following definition seems toO be

cuitable /see [3}/.

Definition 1. Let a , b be fuzzy numbers. Then a g‘g , 1ff
PRI s

e+ e s e s o e e 313 oy
J L 0 . v 1
Y ug L d veR [ u & V&/w (u)y < #» (W ] .
To obtain an explicit and useful criterion for the validity
of the relation f)ﬁnﬁ , we restrict ourselves to a special

c}assﬁfuzzy numbers specified in the following definition.
i (

Do dind

tion 2. Let R :Cb,+o;}w§>[0,g , R(O)= 1, be a non-
s &

. - . Co a7 .
increasing function which is not constant on [O,+&Q>. By(‘a’z R we
denote the set of all fuzzy nunbers g membership functions of which
have the following property:

There are real nunbers mé El , o020 such that

/'?f.‘ (t) = R ('t-‘-{mm" ) for +ta2m ,
)

/,&»va { t) = if ( t) for t<m ,

LY

B e [ 0,1] being some function non-decreasing on{- 02, m)»

aumbey & € & w v i1l be called R-fuzzy n unber.
R 4 N
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The following assertion presents a criterion for the

inequality relation between two R-fuzzy numbers.

Assertion 1. Let a , b GWLR, a -:—(tf,m,w> R

~t

b E(?’,n, A3 ) R ° Then

aghb
o ~
if and only if
ﬁR(OV—I{"))é n-nm,
and .
XR(oo—fs)s n-m,

with £ g being defined by the formulas

€. =sup{ u; R RO =17,

R
R = int { u; w20, R(W = lim R(s)} .
S5+ 64

Remark. As it is usual, we take

ot et et

a.(im)zjao for a=z O, a.(jogr;m for a<¢ O,

o

o

C”)\) = Oc

To illustrate the application of the Assertion 2 to the
lineer programming problem formulated in the section 1, a simple

nunerical erample is given in the following section.

3. Mamerical example

Set
R(u) = max{o,l—u} for u2 O,

Then 7 = CS. =
hen gR o , R 1.

Consider the linear programming problem with constraints with
fuzzv coefficients belonging to the set ?a’tR:
Maximize

z = 5Xl + 3X2

subrjnct to . , , (P >

y (
(g 40 D)@ (g

(92 ]

» 0%y L (Yo 24, 3)
((f’(va) 14 ?>X1® iflg(l)' ,1’ l>x2 £ (%’12) ’ 12’2)
: 0

Xll X2 '-f. 4
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f/?«"n“‘ being for m & B, defined as follows:
Ly

Jom (N = (

T~1 -(u - m)z for ue {m-1, m),

.0 for u€ (-&0, m-1)

A fuzzy number ,13 E(ff(m) , m, 0()€ mR has the shape

demonstrated in the following figure:

/ﬁrr () A

1
~
[eare T P R e N L
O m-1 m mtel/f u

Examine the set of all feasiblesolutionsof the problem (P).
According to the Assertion 2,the system of constraints of the
provlem (PY is equivalent to the system of ihequalities with

non-fuzzy coefficients:

4x] + 5x2 £ 24
4Xl t X, & 12
5xl + 6x2 <« 27
6x1 + 2x‘2 < 14

Xir %, 2 O.

Note that the latter system does not depend on the functions
Y of fuzzy cocfficients of the inequalities in the problem( P).
Ir this way, the linear programming problem with fuzzy
constraints ( P) was carried cver to the classical linear
progromwaing problem with double number of constraints. The
golution of this problem is
15 46 (x)

X, T AT A N

13 23

with the corresponding value of the objective function
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vt et
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Note that the linear programming problem with non-fuzzy
coefiicients given as main values of the fuzzy numbers in

(P) has the optimal solution

- 9 ' :
Xl’""—z’l X2=3, (X«&)
vitn a . 8L 213
4 13

If the problem ( P) represents e.g. the problem of
finding the optimal production plan, then the fuzzy per unic
conswmnption coefficients may be based on experts estimates or
expericnce, The solution () presents then the production plan
that is optimal when all circumstances taken into account by
making up these coefficients are considered. The solution(;:ﬁ)
gives a better profit but is not so "safe" - all the possibilities
.

less favourable than those represented by the "sharp" main values

of the coefficients are left out of account.
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