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ON SOME BASIC PROBLEMS OF PROPOSITIONAL FUZZY LOGIC

Jozef Sajda, Institute of Pechnical Cybernetics, Slovak Academy
of Sciences, Bratislava

l, Fuzzy logic as a formal system
In this paper, fuzzy logic will be understood as a formal

system with a given set of axioms and a set of inference rules. The
axioms are fugzzy formuias to be selected in advance, to which one
assigns a certain degree of truth. The validity of other formulas
will be deduced from the axioms whereby from the truth degree of
fuzzy axioms the truth degree of proper fuzzy deductions should

be derived. The axiomatical building of fuzzy logic brings many
advantages, mainly an automatic mechanism for confirming the vali-
dity of fuzzy formulas and determining their truth values derived
from the truth values of their premises. Defining fuzzy logic as

a formal system means to form a syntactical system (F,X,R) in
the set F of all fuzzy formulas as a fuzzy theory in such a way,
that one proceeds from a chosen fuzzy set X&F of logical plus ex-
tralogical axioms, from which, by means of a chosen set R of many-
valued inference rules, all possible fuzzy consequences of the set
X are proved syntacticallys. Such formal procedure of proving formu-
las from premises has a mechanical character, so that its performan=-
ce may be entrusted to the computer.

On the other hand, it is possible to conceive fuzzy logic as
a semantical system < F,S)> in such a way, that in the set F one
defines a semantic S as a caertain set of truth functions T: F—> W -
where W denotes a set of truth values - together with an operation
of semantical following. )

Such a conception of fuzzy logic implies the cardinal problem
of completeness: Is it possible to choose a fuzzy set A of axioms
and a set R of inference rules in such a way, that the degree of
provability of a given formula in the syntactical system { F,A,RY
will be identi€sal to its following - degree in the semantical sys-
tem (F,S) ?

In cases when the ahswer to so formulated question is affirma-
tive, we say that such a fuzzy logic is complete. The solving of
the completepess problem is of a great both the oretical and practi-
cal importance, because syntactical inference algorithms are then
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strong enough to deduce semantically correct propositions.

2. Algebraic base of fuzzy logic
Some time ago, Goguen [ 2] proposed to build up Zadeh’s theory

of fuzzy sets [1] on the basis of lattice structures. It appeared,
however, to be necessary to spread these structures with semigroup
operations @ of multiplication, and —» of residuation. These ope-
rations appeared to be adeguate tools to logical operations of con-
text and implication. The algebraic structure completed in such a
way was called a /complete/ residuated lattice, L = {L,%® , —2>
where the carrier L is the original /complete/ lattice of truth
values.

The operations () and —» are in the lattice [L mutually con-
nected by the relation

a@b&c iff akb—rc

where a,b,c are arbitrary elements of the lattice L, and £ 1is a
partially-ordering relation in L.

For purposes of fuzzy logic it asppears to be useful to intro-
duce into residuated lattices other operations appropriate for
axiomatizing the fuzzy logic. Thus the so called fitting z:ane::»s:t:fu:u:naG‘=£
are defined together with the function Ar(d) of arity of the Gd’ and
the function Ex(d) of exponents of Gy expressedby(kl,ka,...,ku(dz
of natural numbers, where de &,and A is an arbitrary set.

Let L ={L,® ,~») be residuated lattice and 9 .-.-{Gd,de a}
be a set of operations on L such that every operation Gd is
Ar(d)- ary and fits the lattice T by the exponent chain Ex(d}.

Then & ={L,G) is sald to be an enriched residuated lattice of
the type < Ar,Ex b .

As the most important lattices of this kind are to be regar-
ded
1. the(m+l)- element chain @ = Cp 4,60, —> > , where

Cpep =40 =8,< 8¢ -+ Loy =1}, mx1l
2. the Tukasiewicz interval& = { I,@® , —>»), where I = { 0,1,
the multiplication® is defined by the relation
a@® b = max(0, a+b-1) = Ov(a+b=1)
and residuation ~—» in turn, by
a—>b = min(l,l-a+b) = 1A(1l-a+b) .

In his papers [3],[4],[5] Pavelka has proved that only in
these two cases is it possible to axiomatize the fuzzy logice.
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5. Syntax and semantics of propositional fuzzy logic

It seems to be quite natural to choose as the truth value of
a given formula @€ F just the degree of its membership fcp to
the fuzzy subset £f: F —->{0,1> . In such a conception one uses in
fuzzy logic the following four elementary operations:

- negation -1 , for which T(q¢p) =1~ T(y)

- conjunction A , for which T(yay) = min{T(Lf) ’ T(tp)}

- disjunction v , for which T((evw.y) = max{ T (¢), T(y)}

- implication =) , which can be regarded as derivable from prece-
ding operations. Of course, this implies also derivability of the
truth value TY=y).

The truth value T(Y=)y) can_not be chosen optionally, but on-
ly in connection with another operations of fuzzy logic. The solu-~
tion of problems like this appearéd to require the introduction in=-
to the set W of truth values, just the structure of the enriched
residuated lattice E ={{L,&® ,-—-)),g) mentioned above,.

In such structure of propositional fuzzy logic we have to defi-
ne the follewing four binary connectives:

- conjunction A , interpreted in the residuated lattice by the

operation A of meet,

~ disjunction v , interpreted in the residuated lattice by the

operation v of join,

- implication = , interpreted in the residuated lattice by the

operation —> of residuation,

- context & , interpreted in the residuated lattice by the opera-

tion (X of multiplication.

In this conception, the truth values a€ L are presented as a
nullary connective &, implying that the unary connective -t of ne-
gation is derivable from the connectives a and = , by the equation
Y = P=»0. The connective & of the context enables to define
context powers of fuzzy formulas

o qh bty

n-times

with a similar meaning as the Zadeh’s operators of the type "very".
The wm eaning of the connective & of the context may be illus-
trated by the tautology
L b Y)=2%) & (= (Y X))

where the biimplication &) is a derived logical connective defined
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by the formula

@ SYVY=>(@=3VIA(Y=¢).
As the inference rules of the type r = (r', r’’ > we choose
the following rules:
Rl. the modus ponens rule:

» C(l LP@‘Y/ ry a’b
r s y Ty
4 a(® b
R2. the lifting rule:s
, @ ’ b
A=
R3. the elimination rule
’ V a 2 b
r383 L"‘__ ) r3 a3 —————
N aé—~b
R4, the consistency-testing rule:

O if b&a
r,a(a) = 0 ) r, a(b) =
1l otherwise

Pavelka has proved [5] that all these inference rules on
F(P,L,A) are s ound with respect to the semantics S(P,IE) defined
for the enriched residuated lattice [E and the set P of propositio-
nal variables.

As a set A of axioms we choose a set of 25 fuzzy formulas,
most of them are known to be axioms of non-fuzzy logic. These form
tautologies of propositional fuzzy logic, i.e. formulas with the
tautological degree (CS(P,IE ) Q)Lp = le The tautological degree of
a formula (p presents a measure of simantical following of a fuzzy
consequent ¢ from an empty set of extralogical axioms. The sym-
bol CS(P,(E) represents a consequence operation in the semantiecs
s(p,E), which assigns to any fuzzy set X: F—>»L of premises a fuzzy
set CS(P,(E)X of consequences. For a given formula ((6 F the degree
of following is represented by the expression
(Csp,@)X) ¢ = AN{Tc | TES(PE), TY3Xg for all YeF(P,L,4)},

where T denotes a truth functione
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Pavelka has proved [ 5] that syntax ¢ Ay,Rq) - where A; 18 &

certain subset of 23 axioms of the set A, and R,={R2,R3,R4} - is
semantically complete for any (m+l) - element chain cm+1’ Analogi-
cally, the syntax ( AZ’R2«> -~ where A, is a certain subset of 24
axioms of the set A and R,={R1,R2} -is semantically complete for the
ZTukasiewicz interval & ={{0,1) ,®, —> >
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