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Introduction. As the title says this paper is about fuzzy
vectors and fuzzy matrices. In spite of it that we have received
results similar - in form - to the classical theory it will
be clear to everybody after having read this paper that the
nresented theory_is guite different from well-known fuzzy
matrix theory (e.g. {31, [47, [7]). Our paper is divided into
foﬁr parts. In parts 1, 2 and 3 we are concerned with the fuzzy
vectors and matrices theory. The fourth part gives a more
detailed analysis of solutions of fuzzy equations and of fuzszy
inequalities. Material contained in this paper will be used

for fuz-y programming [5].
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1. The faz~y vectors.

1.1. Let x be some element of the linear space X and a€<¢0,1).
By a fuzzy element (FE) {x,a} it is understood a fuz~y subset
of X such that Vyex

a if y=x,

/"{x,g}(y) = 0 if  y#x,

LT Xisa set of all real numbers then {x,a} is called the single
fuz=y number (SPR).

1.11. The SF¥ is fuzzy number in the Dubois and Prade sense ,
{27, iff a=1.

1.2. An m-fuzzy vector (FV) w is an ordered set of m-FEs

{x1,a5}, {5025}, 000, {x,a } « The FE {x;,a,} is called tne

i-th coordinate of w. We shall use the notation w=({x,,a;}),

meaning w is the m-FV whose i-th coordinate is {xi,ai‘} .

'e21. An FV w= ({x;,8,}) such that a .= a,= .,.=a =a is called

1
the fuzzy point (FP), in symbols {w}= ({xi,a}).

1.3, The unit FV is the TV such that Y1, x; =1. We shall denote
nnit FV by u or v.

1.4, The zero FV, e say, is the FV such that Vi, x; =0,

Let us now define the following algebraic operations on
the FVs.,
1.5, Addition. If w's ({x},2;}) and w's ({x} ,a;} ) are m-FVs,
tneir sum w+w" is the m-FV ({x'i-r x'i‘ , T (a‘i,a';h )}), where
T is a t-norm, [6].
*+6. 1- scalar miltiplication. If w=({x;,2,}) is an n-FV and’

A € i, the product A-w is the m-FV {a.x;,a;}.

*W#1. fe now write down some immediate and useful consequences

nf 1.5 and 1.6,
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fote w)ea™z we (w'a W) (associative law)

W oWt W ow! (commitative law)

For any w's ({x;_,af.l}) and w"s= ({x;,a"i}) such that a‘i > a',.i ,
there is a vector w" such that

whe oWt ow" (1aw of subtraction)
Vwwte W aw +a-w” (vector distributive law)
(;\v‘ Jow m W pew (scalar distributive law)
;\:(/,‘-w) = (A )W | (scalar associative law)

Tew = W (identity law)

1.7. Let {x,a} is a FE and A€<0, 1/a?», then by the 2- scalar
miltiplication, Ao {x,a} say, it is understood the Fi {x,a-a} ;
we set if necessary 1/0= o .,

*,F, 2- scalar multiplication., If w= ({_xi,ai}) is an m-FV and

n
() <0, 1/a;> , the product Aew is the FV (ao{x;,a.3).
iz

“w2., A set of FVe w1, w2,..., Wt is linearly dependent, or simply
dependent, if there exist numbers b1""’bn , not all zero and
4 7ero- ¥V e such that
- i
Z bl. W = €.
i=1
If the FVs are not dependent they are called independent.
“ 0. An FV we ({xi,ai}) is a linear combination of the FVs

W= ({xk“,aH}), W,y = ({xiz,aizj),..., wna({xin,ain}) if Vi
n
{x]._,ai} = { ?51 RJ'{xij’ai'j})oﬁi
for scme numbers ',\j and P’i .

1411, Theorem. 1f each of the FVs '6»"0.-.- ({yio’ bio'g),a1= ({yu,b“})‘

er ¥p= ‘({yin’bm}) is a linear combination of the FVs
weas ({ X5 ,au}),...,wnz ({xin,am}) then the w, are dependent,

The proof of this theorem is similar to the crisp case,
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'L,12 . Ve say that an independent set of Fis Wopeany Wy generates

a set € of FVs 1iff every

4 4z
HEE S
.

. The rank r of S is

114, Corcllary. Any set

FV w in S is & linear combination of the L

the maximum number of FVs which generates §

of (m+1) W-FVs is dependent.

keally, let mYa <{x13'a133) be an m-FV such that

if i=j,
if 1f g,

1
X. .=
14 0

and ¥V i,j #&..= 1. Then any m-FV is a combination of the uJ,so 1411

iJ
lLeads to the conclusion.

1.19. Corollary. Let w, = ({xi1,ai1} ""’{xi,m*1’ai,m+13) are

{(om+1)~-FVs

(i=1(1)m). Then there exist numbers &1,..., a

n+1 not

all zeroc and a zero-¥V e :(ei) such that

m4+4 i
N Qj'{xij’aiJS =€

J=1

*

is1(1)m.

Indeed, let w) be the m-FV8 befined by wd 2 ({x1j,a1j§,...,

{xmj,amd}) for j=1(1)m+1. Then all w) produce a set of (m+1)

w-FVe. Hence by 1.14 they are dependent. So, there exiet numbers

A . not all zero and a zero-FV, say e, such that '
m+1 .
ST oA -w = e,
jz1 9

7+ Scalar Product, Fuzzy Matrices.

Let us assume that for any x,yeX, x.yeX.

2?.1. For two m-FVs, say w‘:({xk,a}}) and w"= ({x;,a;}), we define

their product

14} \ " L \
{ Zxexgo, T (ay-
=4 77 1=t
o i \ »
wneee T fa..a;p )= [ (
iz L
AR

.77 . come immediate properties

W+ w to be the SFN

m=-1
T \. L3 “. \ . "
1=1 al al’ am am

).

of the scalar product are
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We W = WoWw ‘ (commmtative law)

foaew )ow' = af wiw") {mixed associative law)

?.2., An mxn fuzzy matrix (FK) is a rectangular array of Fis

{xi;-853} (1=1(1)m, §=1(1)n). Thus

/{x11’a113 IR EOTELIY.

A= {.OIQQQUC.l'.l.'.l...l...l »

\\{xm1,am1} oo Ix_va 3

Instead of wrtting out the above tableau, we shall simply write
A= ({xij,aiji), tc be read, * A is the FM whose ij-th coordinate
is {"13'8133 LN
The n-FV w, = ({xi1,ai1}, ceey {xin,ains) is called the i-th
row FV of A,
v owd - .

The m-FV wd= ({x13,a1j3,..., {xmj,amjg) is called the j-th
column FV of A, '
The rank of the set of row FVs (column FVs) of A is called the
row rank (column rank) of A.
?.5. Thearem (rank theorem). For any FM A, the row rank and
column rank are equal.

'The proof of this theorem is similar to the crisp case.

- 2.4, Corollary. If the m-FVs w,, ..., w. generate the set of all

1’

m-¥Ve then there exist the numbers %,,..., A and (3 such that

n
m

( z:aj'{xij’aijy)°ﬂ= {¥i:04} = 1(1)r (%)
4z |

for any Fks {y,’ ,b1 }shotyiyr’bra .

Really, let A be the (rxm) FM with rows w eey,W o By

1A, . 1:
the 2.3, the columns of A have rank r, and thus if, say

, |

”‘,...,mr, are the set generates a set of all columns of A,

we have r independent r-FVs and hence the FV z= ({y;,b;}) is
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a linear combination of them, that is
T , _

and hence the numbers Rireees Ay 0,.4..,0, (3 satisfies (%), where

b=

r
J=

_ m
; aij.ﬂ,/ JT‘! a;; -

5+ Fuzzy vector - fugzzy matrix product.

- [ \ (
Let A= ({Xij’aij3) be an mx n Fi, let w =({yi,b13) be an
m-FV, and let w"=z ({yz,bgj) be an n-FV.

“.1. The product w'A of w and A is an n-FV,

fri J1:] [
weas ( STOX. .-y T (a,.'b )}).
{ faq L1 ' i=1 ij 7%

.2+ The product A-w" of A and w" is an m-FV

n n v )
pw'=s (1D x, .0y, T (a, b)Y,

Ve now write down some immediate and useful consequences
of 3.1 and 3.2
(a-w ) A= 2a(wa), A-(a.w')s a.-(A.-w") (homogeneity)

W A) W = worasw") (associativity)

The FV - FK product is a special case of the more general
maltiplication of two Fis.
5.5 Let A:-({xij,aijj) be an mxn Fi and let B= ({yjl,bjll)
te an nx p FM. Then the product A*B of A and B is an mxp Fi

e
|

n

.4, bet Az ({xij’aijs) be an mxn FM., If A is a number then

the product A< A is the mx n FM ({A~xij,aij}).
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5.5, If A= ({xij,aij}) is an mxn FM and A is a number of the

interval m {0, 1/&137 then the product AoA is the mwn FM
i, '
- f .
Qo h = *{"u’a aij})'
3.6, 1f A= (_{xij,au'ﬁ) and Bz({yij’bijp are m xn Flis, then
trheir sum A +B is the mx»xn Fi

A+ b= ({XlJ+y1J’ T (aiJ’biJ)}).

come properties of sum and product of Flis :

- 7T A is mxn, B is n»xp, C is p xq Fi , then
(A~B).C=a(B:C) (associative law)

- a(A+B)= A +2'B

- fRA)-B= R-(A:B)

- (a04).B =RelA-B).

4. Fuzzy egunations and inequalities.

41,. Let {x,a%yand {x",a"} are the FEs. Then
- {x,a}={x",a"} iff x=x" and a:a ,
- [x\a8'} ¢ {x",a"} or {x",a"} s {£,a'} iff x'<x" and dsa’,
- {x,a3< {x",a"} or {x",a"}> {x\a'} iff xs x' and a's a".
4.7, Let w's ({X;‘.-’a"x}) and we ({x; »2{'}) are the FVs. Then
-wew" iff Vi {x‘i,a'i} = {x'{ ,aj'_'},.
- ww"  Lff V.i {x‘i,a‘ig

ENELS I

"
{x; ,ai} .

n N

N " \ t
wew" iff Vi {x;,a}}

. . . | '
‘\ Let {wy= ({xi,a}) be an FP (i =1(1)n) and let w :({xi,ai’_l,)
be an n-PV, Because an FP is an FV, so {w}~w‘is an Fo

n \ n

{w}-w’r{ P Xgo Xy oy T'a'ai}. (41)
i=1 - i=1

Tn the next part of this paper we shall consider such t-norm that

i

n
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4.5. From the corollary 2.4 to the rank theorem, for any n-FVv
ws{x.,a.3) and for any FE {x,a7 there exist the numbers

Ays+++, A, and (> such that

n
n n
{x,ad-{ = A, x,3 T a8} (4.2)
i= 1 i=1 '
Note, that if in (4.2) €< 0,1>, then (4.1) and (4.2) are
¢quiponderant.
" :
If {g 8,2 a then $€<0,1> and the corollary 2.4 becomes:
for any FV w'* ({x'i,a'ig) and for any FE { X,8} there exists an
e o{wd :({xi,aS) such that
weiwl= [X,8) | (4.3)
The eqnation (4,5) is called the fuzzy equation. The fuzzy
point {w% is called the solution of fuzzy equation (4.3).
4.4, The special case of the fuzzy equation (4.3) is the fuzzy
egqunation ]
whiwd:{0,a% (4.4) .
Note, that the set of solution of the fuzzy equation (4.4)
is a fuzzy cone, [1],
4.5, Let A= ({xij’aij” be an rxn FM with the row vectors
Wyye.e,W which generate the set of all n-FVs and let

n
1 v v . L] .
wrl{x;,a;%) be an r-FV. If Vi=1(1)r a;/ JL_aijz be<0,1>

tnen the corollary 2.4 becomes:

for any rx n Fi, A= ({xij,ai'j}) say, with the row vectors,
which generate the set of all n-FVs and for any r-FV w: ({xv‘i,a%})
such that Yi=z1(1)r a‘i/ ’?1 a4 =b €<0,1> tnere exists an IP

Jzs

{ “*'33{3‘3 ,4 Y such that )

A{wl=w (4.5)

The FP {w} is called the solution of fuzzy equations (4.5).
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4.6, Analogously, for any rxn Fh, A= ({xij,aij}) say, with
‘he column vectors which generate the set of all r-FVs and
for any n-FV wE—({xS,aB}) such that ¥ j= 1(1)n

r
a./ T a;;=b €££0,1> there exists an FP {_w}c{xi,a} such that
M i:1 '

{ﬁw}-Aa w' (4-6)

* B - \ L] \ 1 4t
4.7. Let wi=({x,,a,7) be an n-FV, fw}= ({x;,a} - an n-FP
and let {X,8} be an FE. The solution of fuzzy inegnality
wn{w}A{i,é} (4.7)
s the fuzzy subset P° such that YVyeXx”
. - n v L - 1
(b = min ((18}/ Tial - ai)v a/ai)A 1
1gitn i=1 ' '
Mmoo (y)= if w"{"}b< {x,a

/p°
0O  otherwise,

where {w}b: ({yi,b}).
4.4, If P is the fuzzy subset of solutions of fuzzy equation
r4.,3) then the fuzzy subset P=P°yu P is the set of solutions

of fumzy inequality

welwy< {X,8) (4.8)
4,9. The set of solutions of fuzzy inequality .
wiw) >{%,5} (4.9)

ig the fuzzy subset PO such that V,ye x°
. v n [} 1
( b= min (l18]/ T lajl+ a;) a1
1¢1i¢n iz 1 ‘
b -
/MP (Y)'—'{ it W"{W} >{x,a},
0
L o otherwise.
4.10. Let {x,a% be an F&, The produect (-1)= {x,a}={x,-a}.

analagonsly, if A= ({xi 3}) is} an Fii and w= ({Xi,aiﬁ) is

Jr2y

an FV then
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- 1) % A= ({xij,-aij}),
- ) we ({x;,-a:4).
Note, that the set of solutions of fuzzy inequality w\{w};{i,a}
te eqnal to the set of solutions of inequality
C ) e wWwh (1) ¢ (=) % {X,83 (1),
411, Theorem. The sets ot solutions of fuzzy inequalities
v {wy%§0,3% and w\{w}< {0,2% are the convex fuzzy cones.

4.12. Let P, {i= 1(1)n) are the fuzzy subsets of any space Y.

n
The product ﬂ P. 1is the fuzzy subset P such that V yYE Y

M)y min , (y)
VI . ’
ot 1gien/ Fi

n
and the F-sum (F) \U P, is the fuzzy subset P such that Vye Y
i. £

nax /AP {(y) if Vi= 1(1)n /A-l;i(y)aﬁo,

1€ign
f}*'P( V)=
0 otherwise,

Let us consider the set of inequalities _
N - = .
“i'{w'}sixi,ais 1:1(1)1‘ (4-10)

This set becomes .
A‘{W?]s W (4-11)

where A is the FM whose i-th row is w, and W= ({X,,8,}).

4,13, The inequalities (4.11) are called first kind inegualities
r

i€f the fuz=y subset P of solutions is equal to () P, , where
iz 1

P, is the set of solutions of inequality w {w_?,.s{x TP

4,14, The inegqualities (4.11) such that Viz 1(1)r

a, / T a, 3° b€ <0,1) are called second kind inequalities
. J"“! L

it4 the furzy subset P of solutions is such that ¥ xe X"
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[ b if there exist at least two k,1 such that

i |

| /u.I" (x),/ulg (x)#0 and/.lpx(x)#o for j#k,l;
.L-LD(x):: < k 1 d
o ! min {x) otherwise.

L 1$iSr/LPi

Now, let us consider the set of inequalities

S v o {R083 i=1(1)r (4412)
Thia set becomes

£,9%. The inequalities (4.13) are first kind inequalities iff

r
the fuzzy subset of eolutions is equal to (F)\U ¥, , where P;
=1

it the set of solutions of inequality w‘i-{w} ] {ii,ﬁi}.
4 ,44. The inqualities (4.13) such that Vi=1(1)r

n
a./ T 8, ; =be <0,17 are called second kind inequalities iff
EN J:1

the fuzzy subset of solutions is such that Vxex?

(b if there exist at least two k,1 such that

} ),L-I;k(x),/#ﬁl(x);ho and for any i= 1(1)1’/.«Pi(:»c);é O;

H
£
i

wo(x)= max C(x) it Vi {x)# 0 and there do not
;P iererl By /ey

exist k,1 such that/‘lgk(x),/*f,l(x)# 03

P ——

0 ptherwise,

The set of solutions of first or second kind inequalities
“4,73) is equal to the set of solutions of inequalities

(—1)w A} (1) & (1)=& (=),
where the symbol..ﬁ denotes, that the set of solutions we find
g¢ ir 4,47 and 4.18 respectively.
t 17, Theorem. The set of solutions of the first kind or second

cind inegqualities A-{w} e is a convex fuzzy cone.

‘et ue consider the fuzzy inequality
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{wh w' ¢ {x,a} ,
where {wy=({x;,a}) is an m-FP, W's ({x‘.l,a'.l:(,) - an m-FV and
{¥,8} - an F&.
e replace the fuzzy inequality

{whw' < {%,8}
nv the fuzzy eguation

(#}.% = {x,8) ,

shere {W}: f{ij,a}) is an (m+1) -FP such that V j=z1(1)m

-4:A~- - b > v

xJ, XJ v X4 7 Oy

A ({)’63,53}) is an (m+1) -FV such that Vj=z 1(1)m 'iJ-_- X’J ,
'T’“ i v - 1 d we t - m 1

B =8 Xpeq=1 8nd 8 = jT‘l ay .

4,18, Theorem. For any solution {w} of the inequality
{w}-w‘ <{%,2% there exists exacily one solution of fuzzy equation
{#}-w'={%,a} , and for any solution {W} of fuzzy equation

{W}.% ={%,2} there exists exactly one solution of{w} -w'¢ {%,8Y .

Now, let ue consider the fixzzy inequalities
{whagw , |
where {w}= ({xi,aS) is an p~-FP, A= ({xij,a“})- mx n Fiu and
W:({}J.,EJ})— an n-FV.
ie replace the fuzzy inequalities
{whacw
by the fuzzy equations
{#}-2=W ,
where {W}:({ij,a:}) is an (mfn) FP such that VYj= 1(1)m ')'(J-.: X5
Y ij=m+1(1)m+n 'ij; 03 A= ({)’EU,EUB) is an (m+ n)x n Fi
such that
{xi50805) . 1f i=1(m, §=1(1)n,
{iu,?a.lj}: {1,aj/b} if i=m+4g, §=1(1)n,
{0,1} if igm+j, J =1(1)n,
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n
where b=z max (8./ T ai.).
1€ Jjsn J i=1 1d
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