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Introduction of Extension Set

Cai Wen

(Guangdong Institute of Technology, China)

8 1, Preface

In the realistic world, there are many problems that
incident to effect and the conditions being given are con-
tradictorye But they can be made solvable through some
methods of transformations. For example, it is impossible
for one to utilize a steelyard to weigh an elephant. How-
ever, the story '"Chao Chong weighs the elephant'" revealed
a possible way for solving such kind of problems, known as
non-compatible problems in mathematical terminologye.

In order to be adle to solve a non-compatible problem,
we must consider the following three aspects:

le The change of the matter and thelr characteristics.

Jdien Chao Chong was golng to welgi tue eiephanvy, ii
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vt e was succended to turn tne
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olephant into the egame wolsit of 8lCIEG
hp ospe o welonew by varts, so this problem bed been

S iveo casily. ‘he transformation of the yeight of elephant
. into toe welgut of stones is the key to solve tie Prob=-
lem, This is what we called the transformation of matters

In order to move a machine, which is taller than the
door of a workshop, we usually use the method of turning it
upside down. Here neither machine nor ite size is changed.
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fut the problem can be solved by exchanging the length and
thhe neight in time of movinge. Therefore in splving a non-
compatible problem, we must consider the characteristics
of the matter and changes of characteristicse

2. Using certain non-mathematical methods.

suppose we are wanted to prepare a chemical solution
ans are required to keep the foreign matters in water 1less
than 0.01%e Fvidenty, water with forgin matter of 1% can't
be usede The problem can't be solved if we only take the
amount into consideration. Laboratory experimenters usually
heat water of 30°C to 1OOOC, to turn into steamy, send it to
the other container, and let it cool down to 5000. The for-
eign matters will be much lesse. By this way, the water can
be usece Here the problem lies on the fact that matter
changes are resulted from the temperatures changes. As wa-
ter is turndinto steam, the water and the foreign matters
are separateds That is to say, in solving a non-compatible
proolem, we must sometimes use some non-mathematical meth-
ous including physical methods, chemical methods etc.

%o mnstablishing the logic, which permits some con-
tradictory characteristic conditions.

in the classical mathematics, a true thing is true;
a wrong thing is wronge. We describe a thing whether be-
lonzging to a set or not belonging to it by the numbers O
ana e
in the Fuzzy mathematics, LO, 1] are taken to the
values of "ihe degree of membership". In such a way the con-
coept 0f the'Wuzzy Set'can be established.

in time of solving a non-compatible problem, we must
recogize that the true thing and the wrong thing can be
interchangeds For example, the elephant which weights 5000kg,
does not belong to tine set of a thing which can be welghed
oy a steelyard, But it can be turned into the set by using
somne sveclal methodse Therefore one study not only the pure
mathematical logic, but also must study the logic which can
describe contradictory characteristice.

Tig article establishes the concept of'"extension set',



in order to be able to discuss the outer element in a clas-
sical subset that can be transformed into the inner element
ni the subsete This is the basis for solving a non-compatible
sroblem, by which we can establish the concept of dependent
function corresponding to extension set. At the same time,
logic value is extended from {0, 1} to (~ew,te)e Here we
use the value of dependent function to measure the relation
~4¢ the element and the set. Then the qualitative description
which shows a thing belonging to or not belonging to the set
i tne classical mathematics is extended into the quantita-
tive descriptione

g Pe Extension Set

1e Ixtension Set
If a subset A was given in the objects set U, an ele-
gen< in U which does not belong to A, must belong to A in the
classical mathematicse But elements in A consists of two kinds
of clements, between which there is tne difference in innate
sharactere For example, the standards of the workpilece, which
was processed by a lathe, are specified with a diametter of
+0401
P .01 . DProcessed workpieces may be divided into two
—Ue

portions, standard and non-standard. But in the non-standard
workpieces, there are kinds of workpleces with diameters
d <49.99., They are waste products. At the same time, there
are also other kinds of workpieces with diameters d »50.01,
ey may be transformed into standard by reprocess. ‘This kina
o. workpieces are called 're-workable pieces's Clearly both
the waste products and the "re-workable piece products are
the non-standard products. But they have difference in innate
crraractere

Tn order to describe this relatlionship, we are estiab-

Jseing tne concont of Yevteaslon setl:

) . e . . - A
Dl LI 2e1 @ Uhe mo called Mixtenslon subset H“Min
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v owut U under a restraint is indicatec to provide a

real numbe s
ne (u) € (~o0y+00)

fo aay u € U, by which the relationship of u and € is de-
scribews “he mapping

K @ U e (=00 % 00)
u ——.Kc}? (u)
is called a dependent function of '}?.
Kg\, (u) 20 shows u € X (common subset): and
£ ={u| Ke (u) 20, uev}
is called the classical field of € (Fig 1)e

-1¢ Keg (u)< 0 shows ué€ X, but under that restraint

u can ve turnea 1uto y€ X; and
i :(u ' -1¢ Ke (u)< 0, ue 'u}
is calieu the extension field of ?.

Ke (u)< -1 siows u€ X and it also can't be turned
y€& - unuer that restraint; and

=]
T={u] K¢ (0)<-1, uev)
ig called the negative field of (5(’.

workpiece re-workable

products

waste products Fig 1
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2. The dependent function of interval in real number
leld.

DEFINITION 2.2 : Te dist between a point Xo and the
~eal interval C[a, b) is the number

a = |u- 2| - 8]

and written as
d = P(X, s X)

It can easily be proved that a dist has following
nroperties:

Property 21 : To give a real interval ,

1) a point xeé X iff P(x, X)¢0

2) a point x€X 1ff p(x, X) >0

Property 2e2 ¢ X1 and X, are two real intervals. If
1, €%, 5 then 0(x, X1) > ¢ (x, X5) for any point X € (e, +e0),

THFOREM: If 1) X, ana ¥ are two intervals in real
nember field; 2) X2 X 3 and 3) they haven't common end point;

[NREE

- ¢(v,X0)
K () = D St

1, ye X, iff K(y) 20

2) ye€ X = X, iff -1€K(y)<O

3y y& X Lff K(y)< -1

Prooi: (Necessity)

Te ye X,

According to the property 2.1, we have e(y, X2£0.

According to the property 2.2 and the given condition
tnat X and X haven't common end point, we have

€y, X) < Oy, &)

e K(y)20 o
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Lle € X = XO

according to the property 2.1, we have @(y, X,)>0
STe Ly 20,

According to the property 2.2, we have @(y, X)< O. But

I

. 0y, Xo)
KO = 057 =0, X0

- 0y, X)
IR (P R {CA S

e H(y)2 -1 .

iile YEX o

fccording to the property 2.2, we have e(y, X) > 0.
e iy k=1 .

csufiiciency)

1o K(y) 30

According to the property 2.2, we have

?(y, X) £ €(3’9 XO) 3

"(1 ;

f(ys Xo) .
007, % - ey, ) 27

vs.o e{\y, XO)SO »

y) =

According to the property 1.1, we have yeXO .

i1, =1£ E(y)< 0O

since K(v)< 0O, we have e(y, X,) >05 o vE Xy o
According to K(y) 2 =1, we have ((y, XDL0; o%e 7€ X o
And finally, we have YE€ X = Xo .

1ITe K(y) < =14

according to K(y)< =1, we have @(¥y, X)>0; +%« YE X &
Comment: When X and Xq have common end point, we let
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e(ys X0)
f(ys X -¢(ys X,) f(ys%) # ((y5%,)

K(y) ={- $(¥s %) p(75%)

it

P(35%,) €0

i

- f(y’Xo) -1 f(YsX) f(Y;XO) }O .

It can easily be proved that the theorem also is true
ic» ~(y) above stateds

K(y) which is defined by this theorem, will be a cap-
. tal dependent function in this article,

3, Operations and Properties of an extension set.

Operations and properties of an extension set bear
analogy to the "Fuzzy Set" [3]s Their simple definitions are
as follows:

DEFINI TION 263%: If X and B are two extension sets in

then the sum aggregate 2V % of ¥ and ’B’, the product 'K.(\'fr’;

5 % ana B, and the complement % of a set A are yespectively
sefined by following dependent functions:

i

K U fé(u) max {K'K(u), Kg(u)} ’

I

Ky nt\é(u) min .(KK(u), K@(u)} ’

K'A’ (U.) = - I’\K (u) .
Iy The immediate product of extention setle
DEFINTTION 2¢4: If 1) % and ¢ ave respectively to tue
o tousion set of U and V3 2) thelr respective dependent
function is 1{1(:() and Ka(y); and 3) W ={wlw =XY o 111(x)30,
oY) >/o} (written as w=Xey) [*]; then the extension set Vs

wnicn is defined by the dependent function

K(xs ¥y) 3{ _
K (x)nK(y) =1 Xy € X*Y
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tiad the immediate product of extension sets X and ¢

L

wricten as
Fro~ definition Zelty we can easily gete

Froverty 2e5: If 1) ? and ¥ are respectively the ex-
Lension set of U and Vi 2) 7 is the extension set of UXV;
<4 o e &2
anc 3 Fex 0x0X, $=y 0 y 0 F, Z=2,0 27 Z; then 2%F i1r

4o={(%:7) |xe X, vev,}

=18

o ={(%,¥) |x € X UX, yey Uy, xyeXey, (X,¥)€ 2 }
={(

x,y) l (XQY)G Uxv, (XQY)Z ZO UZ} .
wxample 2e1: IFf 1) the range of the current intensity
. [Vy+00); 2) the range of the voltage is V ([ 0,+2); 3)
[asb] )y X ({ [0sa) )y ¥y ([04c] ) and y ( (c,d] ) is

ELVA1,

5 e

where a, by Cy d >0, then the range of the power is
[acy bd], and it is Xy .

i
s

show such extension sets through 2 and? that thelr

cal fields are respectively X and y, and their exten-
fielus are respectively X and y ; let

e -3
L assl

sion
s={(x9y) |agx¢by, cgygd}

‘:"’z{(x’Y) |0O¢xg¢b, Ogyg dy Xy ac, (x,7) € Z}
7= {(%,5) | (%,¥)€ UKV, (%,7)E 2 U Z)}

Miew

X '.«‘~Y:{u]u::xy, xe X, ye Y}
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Froperty 2¢4% : If 1) P = ?°§; 2) dependent functions
"?; 9 and 7 are respectively K, (%), K, (y) and K(x,y);
and 3) K(x, yo) %0, then K, (XO) >0 or K, (yo) 30 or

ooth 1s Truee

Prove (omit)e
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