*
FURZY O IMBEDDING THEORY AND ITS APPLICATION
Yingming Liu

Institute of Mathematics, Sichuan University,
Chengdu, China

Thie paros oalo with the imbedding problem in the lattices with a topelogy. To be

v tcuches upon the imbedding problem in L-fuzzy topological space,
furzy lattice. 5Some fundamental results such as the fuzzy unit interval,
srme s fructure and algebraic properties of union-preserving maps in lattices
etoc . N nmointwise characterization of fuzzy complete regularity is yielded by
Yo C-noighbeorheod structures and some algebraic properties of certain class

i Tatticcs. The Weil thoorem on fuzzy uniformity and the general imbedding
t in tnhe fuzzy basic cube are established. As applications of the imbedding the-
crem, o fierc crersion of the well-known Urysohn metrizable theorem and the general
Lheory o e Ty Stone-tech compactification are given.
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SEODUCTTON
Aoy oo Shvesmann'e insiuhélq a lattice with the right distributivity property
degerve: < srudied as a generalized topological space in its own right. At his
gy vy, oome interesting rosults in this field have been obtained and their an-
Pioar oo cenidvarant fopology and homotopy theory have been done. A survey by
ot A | eeorited the situation. Just as shown in that survey, the pointless
RIS S STE I Sie Gieil 1w moving toward the so-called “"pointed approach®. Although
he wo b Lotvisy topalogy are not mentioned in the survey, the research of fuzzy
(RaieteR R cactly o field to investigate the topelogical structure of a rather ge-
el Cotrioe, Moraover, in the fuzzy topology the transition from pointless
Sir o one has boen completed successfully and has been turned it to a com=
: {oapproaches. Some deeper result, such as the imbedding theorem, has
cdstaso. . e enm the one hand, the fuzzy topology is a fundamental part of fuzzy

Tt iy v the other hand, in the traditional mathematics, it is also a field
v worthoony attention. We hope that this paper reflects this develop-

HEUEE Copotooy g the ootablishment of the fuzzy imbedding theory.
et Looe o mroiotedy ddistriburive lattice with an order reversed involution. A map
Prom oA o ioary set X to 0, ds said to be an Le-fuzzy set in X. The concept of fuzzy
er, takine. ho ordinary scot as oo special case, provides a foundation for treating
i f0 1 v the fuzzy phenomena which exist prevasively in our real world and for
e moried by the Scicnce Fund of the Chinese Academy of Science.




buildin: now branches of fuzzy mathematics. A topological structure have been intro-
i collection of all the L-fuzzy sets in X since 1968. Fuzzy topology,
which 1t qennrally considered to be a generalization of ordinary general topology,
te an andmatoed area of fuzzy mathematics. In the research of fuzzy topology, besides
' anslations from general topology to this more general setting, some
art advances have been made”h The most spectacular results appeared in the
ipe mav he as follows: (1) the profound investigation on fuzzy uniformity and
trio dealt with by the so-called pointless approach‘;4 5)and (2) introducing
5i fuzezy points and its neighborhood structures and a lot of "pointed
oy arising therefru% 7. New, we try to combine these two aspects for
the important imbedding theorem. Some interesting applications of the imbed-
ding thoorom are also shown. For building the imbedding theorem we must first choose
g nioe space as standard space and look for some rather simple conditions
space is homeomorphic to a subspace of the standard space. Thus these
tiens, which are usually concerned with the separation properties (e.
Ay reqgularity), imply a lot of nice properties shared by the standard space.
This wrocodure 15 often applied to research works and usually yieldes much results.
i in “he ran of fuzzv topology, a nice enough space, namely fuzzy unit interval
TULY L v teen given by Huttorlt4, 1510 Tn this paper we shall concisely describe this

space T o ordaer to investigate the desired separation properties (fuzzy com-
pleteiv rooriiarity and fuzzy sub-T, ), we need to make some preparations. Through an
analysi: o Turzy membership relation in fuzzy set theory we shall introduce a new

cind ol o gaborhood structure, i.e. Q-neighborhood which is different from the tra-
diTiona Loy ¢ in topological spacel6: 173, Some algebraic operations and their
;s of union-preserving mappings in lattice are also explained
Vsoussing the completely fuzzy regularity and sub-T, spaces, we shall
“.i.t.o., in which an L-fuzzy topological space can be imbedded in the fuzzy
w0 i.o. the product of some fuzzy unit intervals). Along with the es-
1 v imbedding theorem, we shall apply this theorem to get a fuz-
OIS T well-known Urysohn metrization theorem and to expound a gereral theory
: S‘ow«’*ech compactification.
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frobhin pepes, Yoand Y odenote non-empty (ordinary) sets. I denotes unit interval[@,l].
. £, ALY, ) denotes a fuzzy lattice, i.e. a completely distributive lattice with
vior dnverged involution. Its greatest element and the smallest element are de-
‘ ad 0 respectively. A map A from X to L is said to be an L-fuzzy set(or,
v, o fune et} dn k. The collection of dLl the fuzzy sets in X, denoted by LX R
an e caturally soen as oa [uzzy lattice (L ,C,N, 0, ). Its lattice operations and
volut o e pmintwiqe induced by the correrondlng operations in the lattice L.
TR SR A N O I DB is called the support of A and is denoted by supp A. A L-
B EONAY Gt b maEibx 4 fuzzy point iff it takes the value 0 for all ye X except one,
SuayowéE L P Tts walue at x is A, we denote it by x, and A is called its member-

S F Y Lotarzy topology for X ois a subfamily @ of L7 which is closed under
arbitars conecmoms and findtoe infimums. The pair (X, &) alwuys denotes a fuzzy topo-
Logionl sreos with topology & . In this paper, if there is nothing to confuse, the
oo o e b nanally omitted in the corresponding fuzzy structures.

[
- Interval I(L§14’1J]
sicit v cot T oof all monotonic Qﬂcred)lng map X : R->1L for which a(t)=1 for
< 0 AiiS 0 for v >l Tor X, A & I, Aand 4 is equivalent iff ¥V t € (R
dit =) and alt+) = u(t+) (where Alt+)= \,/t Af{s) and  A(t-)= A A(s)).
‘ 5> s<t
Py it interval T(L) is the corresponding quotient set of I. The fuzzy

always defined by a subbase { Lt,Rt : L€ IRE where Lt(.X)=



Hroer oo cain dattice conditions the fuzzy topelogy of I(L) is like the topology of

in fact, we have

O s orthocomplementary, i.e. for any a € L, a A a'=0 and a Vv a'=l,
tural 1 -—- 1 correspondence @ between the open sets in the

0 23 and the open sets in the fuzzy topology for I(L) which pre-

finite intersections and can be defined as follows: for the

{({a,b) ~—}\ Ly, -
. AR

gqood corresy ondcnvo ‘5p between the two families of open sets,
; some special and important topological properties which the real
ceanw not possess. See [8,15,23] . For instance, we indicate the follow=

e oorydirars o anit o anterval.,

i orthocomplementary, then for oL € L, A >0, I(L) may not be a o *-

Tar o the asc w1, the proof of Theorem 2 is given in {15) . This proof with a slight
} g
RSN N ol na suiltable for the case 0« b < 1.

6,9,10,17]
Mombership Relation and Q- nelqhborhood[j

A fuzzy membership relation between the fuzzy points and the
"X, <3 A" means that there exists relation <1 Lketween the
P s A. The negation of the relation <« is denoted hy 4 . For
“Frlonging o' relation € as < where x, <« P iff X = A(x). For
=, tho {ollowing Mu'ripl@—choice principle is not valid.

}mz.{ A } is a family of L-fuzzy sets. If XA9V{ Aiﬁ

dnciple Suppx

Fhen there exists o A, such that X, < Ai.

Ao P % and A =3 I I i ) AT,
1, € m 5 . (n=2,3, ) . Obviously x, ¢ ‘V{ r}

R SN S Ao Phat is to say, the multip]o—ch01ce principle does not hold for the

“he Multiple-choice principle is an evident and very useful

Lalonging to" relation, Hence the failure of this principle for
theory may be an important cause leading to the serious limi-
neighborhood structure =-— the traditional neighborhood system

zzy topological spaces.

»nllewing four principles, which seer intuitively to be
reasonable fuzzy membership relation .

Restricting the relation =< to the ordinary set theory, <
»longing relation & . Precisely, for any fuzzy lattice L, if
sint and an ordinary subset in X respectively, then pa A 1ff

3
r
IS
1

“ake the ordinary sets (points, resg.) as special case,
Sxtension reinciple.

I a fuery set A, the relation p<d A or not must be determi-
L p(x) e A~ and A(x)=A% | Since there is only order relation
relation between A and AL will be described by a system of

1

: it
f IS T A R anvl A expreassed in terms of the order relation and involution.
Sk Ry aneoso oon) . In addition, this system of formulae will be valid not
Gy o oo oo ir of A and A =A(x), but for any fuzzy lattice L and any A €
Bl 0 v A4y as welll Accovding to the consideration above, we raise the

A . ; determined by a system of formulae about
{0y o in terms mf the order relation and involution. Moreover, the
Yot valid not only for some pair A and A(x), but for any fuzzy

;
G nog€ LA #0) and any A(x) as well.



O, where ¥ and @
pectively.

and III. But
‘ i i quasz-coincident (simple,
Sy 3 O-relation) is unique ©
' e vt si-coincident neic 2,
MEFEE P ol itt there an open
. x 1 bl
: i nding g-nelghborhood structure togot!
: th topics of fuzzy topology, such
AR : . COMPac tness 8, 110 unitor
Y ety 1 ana Tuzzy function space”
by
|
S woocomplote Lat b s }’1 —r L, an order-progaerving &g
~ .
~ S 1
i s ' / -
i ; , “ ; % i i\ \Y a ‘( LAW .
. .
w & = g D -t
: Jderoiy distributive law, then
b, whiove 1w I owet velative bto oa.
: ety e e, DR la)y % {
Tl
. S caeryving map.




[ eoorreatost o Llwé L., which takes values less than or egual to that of f
7 - vving

ool and Loobe the complete lattices, £ ,f2: Llfé L2 be union-preser-

g ) . completely distributive law, we define flf\ fj, fl/\ £
! s pa
‘ ) f,)iw}'f;(w?xﬂ £ (aj
P b .
. a & L
{1 £ * 4
( }(\ £ 1
is called the intersecticon of fl and f2.
i ) iously order-preserving, (f1zﬁ fz)* is well-defined. Thus by

SRSt Sl tne intersceotion f} A £7 is still union-preserving.

STSRI o1 and L be completely distributive lattices, fl'fP: L1~9 L., be
Thon {or each a & 1,
. B \& - -
Dt A A AT N R NI RE
g ava, =4 L1 272

v ! 30 be simplified as
Y )Y ) ]
IRGEPILPY

3 . P B . . : q 2 > N -
Che i v 511 the anion-preserving maps from L, to YZ will aenoteizl(Ll,Lﬁ).
i - 1 2

S s write simpiv (0 B
e avowrite aimply (h?,hﬁ) as nﬂ (L) .

: : , . . . . . e
IEEE : SR » L e union-preserving., Define 1ts 1lnverse e :L7~7 Ll by

' {(aY=ini v b e L]: byl a'y a L? .
, ) . . . ) ) R
L, b, und g: L_-» L. be union-preserving maps Then g=f 1ff

f(O)t% v oither £(dY< b holds only for d4d=0.
ssult can be simplified as follows: =f~L iff the
a' Ly {a)=< b.

e fuzzy lattice, £,g: Lle T, and g: I@’ﬁ>L3 be

& Z

0
. ~1 ~
proserving map and f (C)=0.

. P o e . e

AT . srel A0 PNy 20, vhen (F07) Ted.

L ‘ I S R |

IR oo, ihen f < g . Conversely if [ % g and £(0}=a(0)=0, then
_ - . o -1 -1 -1
fheet Sl ek aned 30 B(0Y=0, then (hef) "=f *h

[
[a
<

—

and Proposition 2 above are more general than

; al
e The corrvesponding results in [20] hold only for
e . ! maps are normal, i.e. they maps O to O.
bt vl > L] e uaion-preserving. We can define a cor-
Ceveray G o BT : . > A o ey each ¢ " - a) =
AR RTINS . ﬁfﬂ > “y;(lﬁ) as follows: Por cach g € :QXL?),SEJQ) (a)=
et We o
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sponding some elemen-~

fuzzy comp
regular spe

tablish th? imbedding theovem, be

: g Nave tooadd other separation requirement such
! theory we introduced a new kind of ]

ipace 1£f for any pailr of

™

or the fuzzy points x, and

it is neither quasi-T, noyr f

is sub-Tg .
for each <& J, Xy . Ty

o T space (X, J° ) i1¢ sub-T, .
1ff cach (g I ) s sub-T, .
RS Tychonoff space 1ff it 1s a
. svace 1s still a
' that the product
space. As I(L) is
fuszy basic cube C(L
: or
e oLy bhasico cuboe J{LY has been dosoribed a : -~
.
kd i

, \
- o then b 0o f ine
({ oloqgy)
2 vod then the map b Lo one.
o i problem of embedding a space topol L

of looking out enouglh many maps

% * cistinguishes points and closed sota.

stinguishes points.

X, F Y- I(L) is fuzzy continuous, A €

point % . 18 Q-coincident with A, then
7

: L o a fuzzy completely regular space. Then the
D ") to I(L) distinguishes points and closed
o Vi Vi ; t chief result.




5,13,203

ctrization Problem

Yooy poeondo-metric (simply, p-metric) on X is a family of maps

- oo, e vy savisfying the foliowing requirements:

eyt rVing ool lnereasing.

(8
: 3 { Le called fuzoy metvic space 1ff it is sub-T, .
: i  is o alsc a symmetric base of certaln fuzzy uniformity
; Y :
h ’ EE H o 3 . ~ . - -
: DROIUY o a5 the corvresponding metric topology.
‘ N O the well-known fact in genevral topo-
Loy uniformity has a countable base,
SSCE RV space 1s p-metrizable.
i : . Consider a relation o~ [ETSR RIRTRS
L L S .
. . v ; i
TR i Vool
Sl Vo : topological space CoTOp
. T Poo rumey merrizable 105 1T 1 Ly
o T D, ey e fursy complotely fy o Lhie
- Ty ! oy Lrreab i
!
seral topoloygy . But it seoems thial 1l
opology is not so effoct ive a8 i
A ness have appeared an the Libtorataro .
, by Wang seems to be one of the
1 : is defined via f 1. e
: : i , TV & D 5 15 a i (X, ¥
: with the membership grade A .
: v the halt open interval (0 1) LT
: i ‘i respect to usual topology of (O
R : : A ds called N-compact 1{f cach o -not
! i A t us point with membership grade = in AL (3)
Teo s vanpac , we call (X, 3 ) N-compact fuzzy topological space.
: B >ace of some N-compact spaces 1s N-compact.
i fuzzy unit interval T(L) and fuzzy basic cube C{L) are
S .
; . ‘ v Stone-Cech compactification appeared in the litevature

- Ty

1 kind of fuzzy topological space, called topologl
o on the imbedding theorem and some results about N
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