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This paper deals with the Bayes ‘Rule for fuzzy probability spa-
ces. The existence and properties of exhaustive collections of mu-
tually exclusive fuzzy events are discussed. Next, the new concept
of fuzzy d¢omplementary set is introduced. Finally, the properties

of a certain class of fuzzy sets, denoted by ME , are presented.
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0. Introduction. The notion of an exhaustive collection of mutu-
ally exclusive fuzzy events, fuzzy ECMEE - for short, is basic for
the Bayes Rule. It is proved in this paper that the only class of

fuzzy sets in which there exist fuzzy ECMEEs is the class of crisp
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set. It seems that in some cases modification's of fundamental defini-
tions are needed - an intuitive example is given, Finally, an algebra
of fuzzy subsets is presented. . _

1.0. Preliminaries. In the following the notation of A.Kaufmann, [4],
is used, thus E denotes the universal set; f,3 E¥MNC [0,1] repre~-
sents the membership function of a fuzzy subsé: é $ and ME stands
for the set of all fuzzy subsets of E .

Let the triplet (E,£,P) represent a fuzzy probability space, whe«
re E,&, and P denote an universal set, a fuzzy & -algebra of E ,
[3], and a fuzzy measure, [3], [4] , L5] » respectively. By a fuzzy
event we mean any fuzzy set A such that Aef.

In this paper all sets denoted by A , and ,.? , with or without
subindices, are supposed to be in a given J ~-algebra @ N

According to L.A.Zadeh, [5] , we @#dopt two following definitions:
1+1. Two fuzzy events A and B are said to be gtatistieally inde-~
pendent iff:

P(4- B) =P(A)- P(B) -,

where A* B denotes an algebraic product of A and B :

&~

fé,g(x) =fé(x) - fé(x) .

1.2. The conditional probability is defined as follows:
p(4/B)=2(4 B)/2(8) -

1.3. We say that {'1}17‘ ieI is an exhaustive collection of mutually

exclusive fuzzy events, which we denote by "fuzzy EMCEE", ifi:

W U=,

jer ™

i) Wi, jeI, i#3D B,n B

In the above definition we restated the caassical definition of an
exhaustive collection of mutually exclusive events /crisp ECMEE/,

which is basic for the formulation of the Bayes Rule.
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2.,0. The Bayes Rule for fuzzy probability spaces. First of all, sho=-
uld be noted, that in a fuzzy probability spaces there exist fuzzy
ECMEEs, any crisp ECMEE is a simple example, )

2.1. Theorem. The Bayes Rule: ILet {gk?‘kq denote a fuzzy ECMEE in a
fuzzy probability space (E,R&,P) and suppoge that we know P(]}k)
and P\A/B) for kel . Then:

P(B.) - Pl4/B)

P(B, /A)=
(B /4) i';Z:.[ 2(8,) " 2(4/B,)

Indeed, taking into account 1.1; 1.3 as well as the facts that
{gk éjkél is a fuzzy ECMEE in 4, and tha.t the fuzzy measure P 1is
additive, we obtain the above formula.

3.0, An exhaustive collection of mutually exclusive fuzzy events. We
are going to prove that any fuzzy ECMEE consists only of crisp events
3.1, Lemma. Let Lj}iB 17 Genote a fuzzy ECMEE in E . Then {supp
\eé‘i\?)iel is a crisp ECMEE, where supp (g) ={XéE: fé(x)707j .

Proff. With respect to the assumption of 3.1 and to 1.3 i 51‘2) jep 18

a fuzzy ECMEE, which means that:

i U A, =E
(1) ieI“i

(11) Mi,jel , i# D A0 A, =
From (ii) it follows that:
\Lii) W i,jel , if] D supp[ﬁj)n Supp(éj) =0

The relation [1) yields: ¥ x¢ E sup fA Lx) =1
jel ~i

Thus ¥ xeE , 3 iel xesupp(‘.ﬁ.i)

In other words U supp(4.) D E . Keeping in mind that
iel '
Y 1e1 , supp[éi) c E [Jex definitione/ we obtain

iv) U A)=E .,
(lv ; o Bupp( NJ)
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Relations (iii) and (iv) prove the Lemma.
3.2, Theorem., Any fuzzy ECMEE is in fact a crisp ECMEE.
Proof. Let A£§ie1 be a fuzzy ECMEE., From 3.1 it follows:
(1) ¥ xeE , 3 iel : £, ()70 and ¥ kéI-iﬂJ : £, (%) =0
The relations 3.1 (i) and the ;%ove yield: v

[11) V¥ xcE : fp(x) = sup fAka) =fAi[x)

From (i) and (ii) it follews that the membership functions of fuzzy
events 4, /for all ieI/ take the values from [0,1] , which means
that {ngiel is a family of crisp sets.
4.0. The class of fuzzy subsets ME « According to 3.2 the only class
of fuzzy subsets of E in which there exist fuzzy ECMEE is the elass
of crisp sets = ZE . We are going to present another class of fuzzy
sets, which after modifying the definition of complement of a fuzzy
get, also contains fuzzy ECMEEs. But first we give an intuituve ilu-
stration of the suggested modification. |

In everyday life we encounter many fuzgy notions like beauty,right
and wrong, etc. A pure mathematical notion of this kind is "being muck
greater then zero". In the following we consider an example:
4.1. ILet E denote the fuzzy set of real numbers which are much gre-
ater then zero, and fE{x) stand for its membership funection, as e-
valuated, say, by Mr.X /fig.1/. Let A denote a fuzzy event: Mr.X
chooses a number xe(ZOO, 500) » Which is much greater then zero
/fig.2/. In this case a fuzzy event gf/fig.B/ seems to fit more na=-
turally as a complement of é then that with membership function
fx)=1-1,[x) /fig.4/.

A
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i‘igﬂ. fig-3.
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0 200 500 - 0 200 Sl >

fig.z. fig'd’.

Now let us introduce the following definitions:
4.2, A given fuzzy subset E of E shall be called a fuzzy univer-
sal set. '

4.%, By ME we denote the class of fuzzy subsets of E such that:

acME iff ¥ xeE é(x)zf (X or £,(x) =0
4.4, Let .Aek&z . Then the fuzzy complement of A in ME' has a fo-
1lowing membership function:

E'A\X)= EU‘) - £, (x)

4,5, 1t is easily veriflable that:

A¢ME ¢ AUA=E and AnA=0
4.6, Theorem. The class ME» is an algebra of fuzzy sets.

Keeping in mind 4.5, the proof of the above theorem is similar to
the pro#f of the fact that M° is merely a latice, Ca] .

Let us notice that the statment 4.5 proves the existence of ECMEEs
in ME , which are fuzzy ex definitione. It is easily seen that the
Bayes Rule also holds in e
5.0. Conclusion. The main purpose of this paper was tc present the re-
sult formulated in 3.2 and to discuss the properties of MY , We hope
that the latter may find applications in decision thecry.

f.0. Acknowledgment. This paper is the result of work by the Seminar
on Puzzy and Interval Mathematics directed by Docent Ir J.Albrycht.
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