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How many lower solutions dose a fuzzy relation equation
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1. Introduction
We call a finite fuzzy relation equation

VARG =y (=g, m) (1.1)

is simple if

by> > bm (1.2)
A fuzzy relation equation can be changed to a simple one holding
same set of solutions whenever any two entries of b are distinct.
we will give a exact formula for calculating the number of lower
solutions of an arbitrary simple fuzzy relation equation.
Set

&—Z = /\{bjl b5<°""j} (i=1,un) (1.3)
(Promisec¢ that A{ej | o;€lo 1], jedpl=1 )
C = {¢)uxm 15 called the characteristic matrix of (1.1),if
c;jw{i, bj< ay < X (1.4)

Set o, otherwise.
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L= { l,a-(t‘q).--,i,m)‘ 1<i5<n,) Ca}.j>°(j==l,~--,m)} (1,5)
Let X denotes the set of solutions of (1.1),it is known that:

1. X2 @ < L=a=§; (1.6)
2. If X==&® .then exists a maximal solution X =(%,.--,%,);
5. 1f L= & ,and for each l=(4, -,imdelL ,let
_I-‘.'(L)m V{b)l€j=l.}((:== by oo, n) (1’7)
(Promise that V{eo;j|oj€lo,1],jeq®}=0 ),then
¥ = Uz, %] (1.8)
tel,

where  x(1)==(x,m,- xa(l))y [X(1), X] denotes n-dimenssional closed
interval,

From (1.8) ,we can see that each lower solution belongs to X,
={§u)11ev_}. each element x(!) of ¥, 1is called a quasi-lower
soiution of (1.1). In order to calculate the number df lower
solutions of (1.1) , we have to select a subset from Ih,this
process can be described as a pure Graph problem stating in

tne next

2. Conservative ways of Booclean matrix
Given a Boolean matrix D == (dy )m(ﬂia-e{o,t}),write

Dyj={ifdj=1} (j=1,.m) (2.1)

L== 1, %m) is called a way of D if < €D; (ij=1lL"m)
DEFINITION 2.1 A way L= (¢,%i) of D is called conservative if
for anv 2 Kkgn ,i( {8, 24} ND2>= & ﬂj is the first element
encountering D, in (4, ika) ythen holds i{x=1{; .

when m=1{ ,every way of D is a conservative way of D.

For example, Set

111111
100011
= {11 0100
D 110001 (2°?)
101100 ;
11101 07>
(1.%,5,%,2.4) is not conservative, (1,1,1,1,1,1),(3,3,1,3,1,1)...

are conservative,

Giver. .-+, Ty<ivom) and i<t<m, 'c\-—-‘;,D denotes a submatrix of D
which has the first t colums of the matrix formed by discarding
the rows occuppied by tU--Ut from D. For example, t=4 6 Ts== {124}

<,=1{:2,6},  then



69

4 11 01
TdevasD = (1 1 0 O) ;D‘==D
10 1 | »

r,_.tl(D) denotes the set of the all conservative ways of t.--;D .
PROPOSITION 2.1

. ’ . . - 2.
.('—-—-—(f--,‘”,bt)E.f;(D) =%-L=("U“',‘ft-|)€tt‘(b>. ( 3)

PROPOSITION 2.2
t t
TCTC {2 => _ (D)< (D) (2.4)

|E| indecated the number of the elements of E .
PROPOSITION 2.3 For any a<t<gm and T <lit,--wn} ,we have

-l _
| 2@ = d*(UPNTI=D)] @] + 1)) (2.5)
where
.d* I Dy N\T2x D, ) 6
== {0 , 1)*: NTC == Q . ( . )
Proof. If d"=o0 ,then D \t=& , this imples the ¢ th cclumn of
3D is empty, thus [ (=g, therfore (2.5) is ture.
let 4*==: ,write X ==M,UM, , where
M, = { B i,y i) RETMD), ey ipd € i;',“”}, (2.7)
M= | {=({,~vem)| gel(p WL, t-t
= | ! lteiom. "“)th”’)} (2.8)

1t is easy to see M,NM.= & , 8o that

‘i(D)l——:[Ml\+‘Mz|. (2.9)
1 €M, implies (i, 4-YND,=® ,it may be any element inDt\T, . thus
IMil==| *" (o3| | DTl (2.10)

TD,

. . .. t-t
From Prop. 2.1 we know, if 1==(hrv°J€:lw ythen (4, i€ (D) ,then
(G, € DN IR (P JWhen l1€M, ,al80 (i, iy} ND=¢ ,from
the definition of conservative ways we have that lM,h=\‘;u»\§;§DM .

and we note from Prop. 2.2 that

’Mxl”‘)‘;‘(D)l":;(D)]. (2_11)
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From (2.10) and (2.11) we know (2.5) is ture. END.
By this Prop. we can obtain the formula about |(D)] , for this purpose
we introduce follow symbles at first:

For any 1€jgnm ,let dj:—=]Dj} ;for any |1gsem  ,isi<<i<m ,let

dj,-- 5 == | DN (D, U - UDj,) | (2.12)
. 1 d5.5,> 0
djjy 2= { Jeis 2 005 (2.13)
o otherwise.
put
N3y )s) == (d;’...js—l)(d,‘:,..;s-1)---(':1;5—-1), (2.14)
when s=0 , We assume
NCGii) = n(dr==1{, (2.15)

Yor anv gkt , 0SSS K, mkrigi<--<j«m ,we define the sum-
ble as “ollows: when J€s<srly m-K+1< 5 < - <jams

[ A — Ces . T
A Gy = { MoK Y], MR g e gs , on, Jml 0yttt D8 5 By e ds 1 hees,

— . e T, T s s e ? 2.1€)
-t 7;"‘]5}. ety Js-1 Js , Js—nﬂ)sl“') J_,‘f Jsy 155 J;'Hi" )mJ ( ’

when eSS K, m—k+)—_—jl<...<5s<m "

(%3] by N - ~ . ~ 2

ARG R [ iy, I G e, 3l deds 5 By,

Iy - « < Y, R S A . 2.1
Jatl 33‘"]3,”‘, ]3“ ]3"']5) trreeey, Js_,)3) Js-,‘"’)b'“,h" Iss Jg2 *t0 0 m} ( 7)

AW (§) 2= { R s e im) (2.18)

For example m=2
?

A 579) == { 3579, 45795579, 679 ;79,895 95105115 42}

AP(s79)= { s79,675; 79, 895 9; 10; 11,2},

ATOY = {6,7.8, 9. 10,11,12}

PROPUSITION 2.4 For any 2s XKsnm-l |, 0SSSK-|l | m-k+I<j<-<)3sm ,holds

LY I, 3) ‘Am( MK i ls ) == { WA qr-isiy A% (Ji3s) ‘ (2 .19)
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Proof. If s==0 ,then by (2.18)

(K)

AV = AR = { T,

(K- (k)

A ()= A (9) =

moreover, by(2.17) we get
) ] . ————
AK ( m~K+| J‘...53)==A(K)(m—}¢+l ) m—— { MR+l , m-K¥3

which proves that (2.19) is ture.

Ifr s>« , from (2.16) when m-k+2<j, ,we have
RN R TMRF Sy e S T
A Gyds) == {WRA Jo-gs} O f BF3 000,00, el gy 300
———— Y f (K-‘) \ Iy
= {mWRI LA ids);
whern yieRF2E= ],

R .
VAN (J."‘J,):{m-xhg,

Yy, . .
o dsd U A(H (3r+Js) .

= fm-xﬂ 7

’ ({3 Jp— . ®
From (7.%7) we can get AT )= Geed)

m-K+2 ..

7

,mi

;

»m}
>

e, m}

iy "‘J

wdsJU £ hiemds, o daeds, o, 3l dymis 5 ovneees m}

hence (2.19) is

ture. this completes the proof of this Prop. END.
For every 1S KSm-l | O0SSSK , mkH<i<-<)wm ywrite
x(l()(,\l...is)-“er nfd;l‘afl ’,__,af eA(K)(J\Iv.]‘S)} (2.20)
PHUruB1TION 2.5 For any 1€« x<nm) , holds
= 2 . . m-K
‘(D)l s <K _)\(K)(:;,"‘jg) n())"")s)t (D)! (2.21 )
*'\‘K+‘Si|<"'<3,<m A SN
Procf. with the induction for xe {tf,w ,m1} , when k=1 ,in Prop.
2.2 let t=m , <T=& , we have
m-j -
D) | = a" ((dm=1) | > ('D)}'*l":b'(D) 1)
(2.22)
d* (dw=) | T emy |+ 4T D)
" D ¢ 4
note tra* wher K= |, il omss K, mriE < o<yl {§, M}
we al1sc have AV emim} | A(m)={m} | therefore holds »"(4)=2"
=dy=d4 ;5til1 holfs w(d®=1), nim)=d,-1 .So (2.21) is ture.
Assurirg that (2.21) be right in the case of k-1 ( ks m-I ), i.e.

(m)
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'(D)l = pa . )(K-l) R

. . . m-K+!
0 €S K-} (Jp“‘Js)n(Il‘“]J) ’

NN

%

(2.23)

M-K+2K J,< <5 €m

By Prop. 2.2 we have

m-K+| -

- m—k
) Df~~«D;5(D>‘ == d ((dm,“.“;s— N | 'D,,,_H,vi:v’\’(v)] +lDf."'Di,(D)‘ )

e R

Subsiitnte it into (2.23%), we can see that (2.21) is also ture for
K . END.

THRO®R®M 2.1 For any Boolean matrix D= (4j)mm ,the number of its

conservative ways is

DY = ocsamt AU nGeid g (2.24)
P FASI PN 4.1
where i = x""G-) .
Proef. In Prop. 2.5, take R=m- ,note that
! - (D ,n’ ' ('D)l== [ DD, U UD;,) | = dij;
| Df,“'Dfs D;"“"Djs ) S s )
which carn be reduced to (2.24), END.

For example, we consider the matrix D given by (2.2), according
(2.2¢), and arrange in table for computation:

s R AU 3s) di o35 RUrvis)

® 1 6

2 4 1 6

3 3 1 6

4 3 1 6

5 3 1 6

6 3 1 6
2% 2 1 2
24 2 1 2
25 2 1 2
26 2 1 2
Y4 1 1 0]
25 1 1 0
36 2 1 2
45 2 0 2
46 2 1 2
5¢ 1 1 0
2%4 1 1 0
2%e 1 1 0
23 1 1 0
245 1 0 0
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24¢
256
545
244
256
456
2345
2346
2356
2456
3456
23456

At lest we get |(D)]|=48 .

OO0 COON=—-0O — =
oNololoNoRoR iR Nololl
oNeololojoloRhe RoloRoloNo]

%. The number of lower solutions
Given an arbitary simple fuzzy relation equation (1.2), suppose

C = () mm D& THe cHAracterIStIC MATrIX 0T (1.<7; write
. { -
Ca’:.—_——..—{ ’ Ciy =0 (3.1)
/ 0,  ¢g=0

‘)
and . = ()
THWURFEY 3.1 PFor simple fuzzy relation equation (1.2), take D=
c® , then the number of its lower solutions is equal to I(D)] .
Proof. %l=={£(UIIEL§ is the set of the quasi-lower solutions of
equation (1.2), and the set L  is the set of ways of D .
Choose any one =€l , if L § (D) , we can find the

least nstrual number k which satisfies that
2 sKsm, [0, aalNDexx & , ik ¢j,

wnere i is the first element encountering Dk in (duvins)
Let (= (4, im) such that <¢'=¢ (==K ), &'=¢, , thus
when & {¢.i;) we have x;(1)=Xx;) ; and when (==¢x ,from LJ=JL*JK,
w2 have that

20 = Vig] =i} =V {5 ] o =i =V {hl k=3 S Vib == x0;

when .= i; , note that /=g and &>k , we have
E((l/)——z \r{b',] ':f/_—: CJ‘,,}S K \/{b}'liﬂpk/ L‘J.’g c},})V{"K."

ja i iy g Y= Vb iek, =) =200,

= \/{b
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Hence we have always X, (DX, () . If ' is not conservative yet,
we shall improve it and the same program can be used. In the end
wo can find a way ("¢(D) through only finite steps,such that xO*»

< x(U) . This shows that for any lower solutiorl/\tzhéfe exists | e(D
X

sueh that X = X () .

Let [ == i) €(D) ,then there is no other way Ue«p) such that xa»

< x . in fact, arbitrarily take !=(;~(m)e(D) , assume jsmin{ji%s},
sin~v [ and (' are both conservative ways of D ,so that {d.. ¢}
(==1{¢ . DN D, =& (as well as when =1 Th - al=& ). Hence holds
X (== > VI Vikl= =200, thus xadkxz(  -This asserts
X (D must be 2 lower solution for each [ e (D) .As a matter of
fact, if Vel satisfying x0) sx) s,according to the dis-

cuss of the first part of the proof there exists 1”e¢ (D) such that xu"<xa)
henee x M < x()  ,this éontradicts the second part of this proof.

The secong part also shows that for each lower solution x , there

exists an unique way U in (D) such that x=x(t) . .END.,
BXAWMPLE 13] gave XoA=}
’ 1 0.8 0.6 0.£ 0.3 0.1
1 0.7 0.5 0.3 0.3 0.1
0.2 0.8 0.4 0.4 0.2 0
=| 0.9 0.8 0.3 0.2 0.1 0.1
1 0.4 0.6 0.4 0 0
0.9 0.8 0.6 0 0.3 0
b= (0.9 0.8 0.6 0.4 0.3 0.1),

This is = simple equation, by (1.4) we get its characteristic mﬂ.tr‘/LLC:
and Jf ie just matrix (2.2). From Theorem 3,1 we know the number of
1ower solutions of it is equal to 48. E.Czogala had got the number

of egtimation being 106.
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