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Fuzzy-set spaces with Hausdorff's metric:

Completeness, separability, embedding
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Computing Center of the Academy of Sciences
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Preliminaries

L2t n be a positive integer. Denote by Il"’ the N-
dimentional vector space with Euclidean inner product <f,'>
ar.d duclidean norm ll . Let X € Rn and K €[O7O°> .
Denote by (DrL the subset of Rj\ consisting of all vectors
with rational coordinates, Let L,J =1 ,1-)

Denote by ﬂ} the gset of all functions V)A: R’\—> [())11.
The oiements of QX are known as characteristic functions of
fuzzy subsets of Rﬁ& An addition +g a multiplication by 5
ard =n order € on the set qA are defined as usual [1], by
generalizing the Minkowski operations and the by-inclusion
order for ordinary sets. Let also G  denote the characteri-

*

stic {unction of the closed unit ball Ay (about the origin)
n * »*

L the gspace R . Let € 6U and X € S .
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., ospace of closed fuzzy sets

Consider a function that belongs to QA , takes the value
1 1t _east once, has the bounded support and is upper semi-
centinuocus. Denote by L the set of all such functions. A
fuzzy set whose characteristic function belongs to ;i will
¢ = reler haed . . e .
be relerred to as non-empty bounded closed LetJthAL ai.

lakr

¢ 51)‘4 ,j‘z> = W\CV\{U‘. My Pa+¥b ,quij4+2{é}.

The rnumber j(f4> , )Will be called the Hausdorff distance
tetween fuzzy sets with characteristic functlonsv)u4andk)41.
Th= function \y will be called the Hausdorff metric on the
st e P e P e g Pt N
Y

e a9 -

Proposition, The Hausdorff distance between any two fuzzy

sets with characteristic functions from QZ- is equal to the
sunrernum of ordinary Hausdorff's distances [2] between their
seme-_evel cuts, where the supremum is taken over the set
({j}‘?} of levels. The proof is immediate.

Theorem, (gi)\g):is a complete non-separable metric space;
the rligebraic operations and the order on the set 51. being
coorc.nated with the metric \? . In particular, the limit

Mmoot any fundamental sequence g\)kgs has the form

—t

u o= tnf - where = s V< .
| LV; dsf.)‘Pj‘uJ , wh ef v va"{f <J«}

Tre proof is immediate but not too short.
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2. space of closed convex fuzzy sets

Congsider a function that belongs to Sz and 1s quasi-
concave, Denote by Sieb the set of all such functions,
fuzzy set whose characteristic function belongs to ;ieb

referred to as non-empty bounded closed convex,

- H A [
wil. e

Conglder also a function &PZ Q;*Fa421 , for which
Ly {x*)\ < const || X

*
where Qows{. depends on \P (but doesn't on X ). Denote
0y fg the set of all such functions. As usual, equip the
f .ith the pointwise addition, multiplication by scalars,

order and the norm

Ll = sup {19/ o]+ x* £ 0}

Theorem, <:ZCD)Vf) is a complete non-separable metric
spaces. L[t can be isometrically embedded in the space 9; s

the .lgebraic operations and the order being also preserved,

by Ltre formula f —> \P 2\)"* , where
",u*t/rx*) = mos { <x 7x*> : \)A(x)> 'JL*P] .

The proof 1s immediate (except for, perhaps, the comp-

leteness; in the case of confusion see Item 5). The function

D

*

ko generslizes the notion of an ordinary-set support func-

i
L

tion 5::_’,3}.
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5e opace of closed crisp sets

toneider a function that belongs to o and takes only
two valuesg: O and " . Denote by g/ﬂ the set of all such
funct.ons. A fuzzy set whose characteristic function belongs

e &';:Q will be referred to as non-empty bounded closed

Thieorems, (o‘UZ )J?) is a complete metric space. For the set
: n
of o, finite subsets of Q , the set of thelr characte~
ristze functions is countable and dense in (M@)j) .

t, metric properties of the space (;k are well

ro upace of balls

vonsider & function of the form 56 , for some b/ .
Lenoto oy 8 the set of all such functions. The support of
function 56 is called the ball of radius x° about the
clgir Inn the gpace Rh .
lacorem, (8 ,j’) is isometric to [0,0°> ; the algebraic
cperotions and the order being also preserved.

~rocf is obvious.
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J. degular fuzzy-set spaces

‘ubspace GV of (’U will be called regular if it
closea relative to the 'Lv\‘(’s—operation and contains é .

¢ exemple, the spaces &/ s O\Z@ , ,iﬁ s 6 are regular.
Jueorem. et a subspace ov of ﬂA be regular and be
coenteired in SZ_. Then the space (Gvg\f> is complete.

te rroof 1s based on properties of the projector

v o= f {oeV u<v]

Llie regular subspace "V of the ordered semi-linear

\ .
\i . Adduce them:

¢v 4y exists and belongs to G\/ R

e, = Mg => QVJA4 < QVJ‘*L ,

S’

U Mt M) € O g ey M,

SESTOEE TN

O enco

‘f .

7 \Q'vau'tvcv\)‘L) < j(fA ,j"&)-
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comments

omplete Russian version of the paper exists in the de-
voait form [53 and consists of 28 typescript pages.Moreover,
tdew ol Item 2 are used in the paper E6J to develop an ele-
mentury theory of differential equations in the space é(@)

fu.zy sets. Remark also the related paper [4].
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