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Furzzy relation equation was first posed by E.Sanchez, then a
method fto solve it was put forward hy Y.Y.Tsukamoto, and some
others by people in /2,3/. The generalized relation equation is
an improtant problem in pansystems methodology which has been
studied widely in /1,4,5,6/. But it is not known what is the
relation between them, This paper reveals some pansystems logic
conservation between them, then poses a method to solve them,
Using the method to solve fuzzy relation equation, one can avoid
doing the work wasted to search the solutions which have been
known or do not exist , and the amount of calculation work need-

ed is less than that in all posed bhefore,.

Definition 1. We call f a M relation function on G[X G2 iff:
t. f is a mapping from [0,1] to P(GleZ)'
2. f(t) € £(t') if t' £ ¢t,
4. There exists a number t' (x,y) for each (x,y)E€ G x G,
such that (x,y)e f(t') - f(t) holds for t > t'(x,y).
We denote F(Uy,Gl) by the set of all M relation function on Glxuz
F'{n,m) by that of all fuzzy Matrixes that the order is n xm.
Theorem 1., [f n = |Gl|, m = |(}2[, then Il“'(Gl’(-;2)l=|}«"(n,m)|.
roof lLet

o« fi(eri(nm) ) — £, £(t) = {(x;.y;) /ug(i,5) 2¢ 1,
er: (e}«‘((ll,Gz)) —s £, uf,(i,j) = t'(xi,yj).
Obviously O(f') e F(G,,G,), @' (f)e ¥'(n,m), 6(68'(f)) = 1,

@'(e(f')) = f', This completes the proof.
theorem 2, (6,y ), (6, A) and (©, p ) are three isomorphisms

between F'(n,m) and F(GL’GZ)'

Definition 2. If f!, X' ¢ F'(1,n), £y € F'(n,m), fééF'(l,
m), then we call (I): X'o fé = fé a fuzzy relation equation. If
r € F({ =}, “1)' f‘26}<‘((;1,(}2), fjelﬂ({z}, (;2), then we call (A):

X ot = f a relation function equation. We call (a) and (b)
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aro cguivalent iff the solution space of (a) equals to that of
i), we call (A) the corresponding equation of (T) it (A) =
o(1).

fheorem 3. Lf  (A) is the corresponding equation of (1),
then f' is a solution of (I) iff 6(f') of (A).

fheorem 4. If Q' is the solution space of ([), Q of the
corresponding equation of (I), then 6(Q') = @, 0'(Q) = Q'.

The discussion above shows that the problem of a fuzzy rela-
tion equation (I) can be solved through solving the problem
of a corresponding relation function equation (A).

Let - ' - ‘ N . _
¢ £ = (aij) € F'(n,m) , fé = (bli) e Fr(1,m), fé(l) =

i N _ i i = m i) = V(i _—
(Ci‘l), j-)(1) = (dli)’ = 1, .., ’ fJ( ) = Q(fj( ))v =1, 2,

S ){auv’ v = i, biv:{ hiv' v = i,
. 0, v £ i, 0, vfi.

[t is clear that

oL U (s .U . . X
fj T olgism fj(l)’ fJ' T lgism fj(l)’ Jo= 1, 2;

(A) and (B): X o f2(i) = f3(i), i=1, ..., m. are equivalent.
X , . N <
Lemma 1. if X C Glx(x2, fv’ fu C G2X(3, fv < fu, then

that g is a solution of X o f = ¢ implies that g of Xof = @

and that g is a solution of X o .f‘v - (}lx (}.5 implies that g

of X o ff = G,Xx G_.
u 1 3

Let ¢, and ci he two numbers satisfying:

a < b, iff a £ ¢, a b,, iff c!.
uv 11i uv <~ “i°’ uv ~ Cii auv 2 i

Theorem 5. X o f‘2('1) = f‘j(i) and {(c): X o (fz(i))(ci} =

P e), X olf,(1))(e)) = (f

from L to m,

Theorem 6., [f fj(i,l) = I'J.(i)(ci), fJ.(i,Z) = fj(i)(ci), i o=

(1))(c'L) are equivalent for i

3

1, weey, m, j =2, 3, then (xu,yv) 6fJ.(i,2) iff a v z Ci" and
/ - . . <
gxu,yv) ?ffj(l,2) iff a € c,.
Theorem 7. Lf bli > blj’ alui > bli' au(j > blj’
(a): X o fZ(U,l) = fj(u,l), u = i, j.

(h): X o £,(45,17 = £5(3,1), X o ry(i,1) = (x,y;)]= £50i,1).
then (a) and (b) are equivalent.
et J be the set of all (u,i) satisfying the condition in

>b,., a .z2b

fheorem 7, i.e, there exists j such that b11 13 ui

1i’

a”.l > bl_.j .
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Pheorem 8. Lf ! and ' are given in (L), v = (a’ Y,

3 2 ui

, it a . < b
i

ISR Li’

0, ifoa oz by and (u,i) €.J,

(
A

!

K a i, oAz by and (u,i) %\L

then (I) and ([[): X o f! = fﬁ are equivalent.

fheorem 9. Lf th 2 le and a&i # 0 implies a&j # 0, um,
(ad: 2o f. (v, L )=f (v, 1), v=1,2; (b): X o f

2 3 2

( i,1 ) = fj(i,L); then (a) and (b) are equivalent.

lLet .1' be the set of all j satisfying the condition in theo-
rem 9, i.e, there exists i such that b1i A blj and a&i # 0
implies adi # 0, u<m; J" be the set of all j being the elements
of ' and satisfying a' . # O, then a'. £ = b. . or there exists

uj uj 1)
a'
ui such that a'. > b.. = b, . .
ui 1i 1j
Theorem 10. (A) and (B): X o £,(i,1) = fB(i,t), i g ar

, X 0 f?(i,Z) = fs(i,Z), i f J", are equivalent.

EXample 1. If (A) is the corresponding equation of (1),

o (o,g 0,2 0,6 0,3 \71 (0,6 T
N T £ 1 -
. 0,4 0,5 0,3 0,2 0,5

R ~ =

3 ) s

then the solution space of (A) is
x(0,6 <t )= (0 # # # ),

X(0,5 < t € 0,6) = ( t* # t! # ),

x( 0 € t €0,5) = (¢t 1 tr # ).
where we use x, = 1 expresses (z,xz)e X( 0stg5), X, = #/ expre-
sses x, = 0 or O, X, = O expresses (z,xl) fxf 0,6 <t ), X, = %q
- t' expresses that X, = 1 and x3 - 1 at least one holds.

The discussion above gives the method to solve‘relation equa-
tion equation, in fact, the method can used to solve the equa-
tion: X o f, = f3 ( f;, satisfying the restrains 1, 2, in the
definition 1 and fi(O) equals to the all space, i.e, f2(0) =

G,x G fB(O) = G,x GB)'

3’
The method in /2/ is the simplest one to solve fuzzy rela-
tion equation, it can simplifies (I) to the corresponding equa-

tion of ([I) in theorem 8. But the one in this paper an simp-
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ities (I) te the corresponding ecuntion of (B) in theorem 10,

so it we use @' (1) ( (B): X o f . ) to search the mininum

3

solution by the method in /2/, then we can avoid a part of work

"

2

wasted to search the same minimum solutions or to get the solu-

tion being not a minimum solution.

' = 9 i = ~t ' < -
L ! (f2) { aij ) € ¥*(n,m'), m* £ m, q = I { bivl
v oz L, aa., m } ‘, Ii (i=1, ..., q ) is the set such that
— s 2 .
b,,= by, holds for every (u,v) € [ and b1u > by, holds for

every 1u ¢ [i s V EIJ and i > j, € = ( b, . (") ) € F'(n,q),

ij ij

k, 0, if aji = O holds for each i EIi,
>, . =
1 . , .
by if A, 40, €1,
. - [ 3 [ 3
(g om L E {1 Iaji £0, i €1, },

we call I'. a symbol of b ..
1) 1] .
Theorem 11. If x, ¢ {bvi[ 1€v € q } (i=1, ..., n)

. 1 3y | (1,5) e @ } is the set of their symbols, then ( x,,

ceen X ) is a minimum solution iff for every i = 1, ...,q we have
b, ['gf U Ii"; (iy.j)e d, (ivj')e iX(IJ pOd )’
ij sy J% )
J#J ps<i
20 )= xn ((i,0) e ix (] ] pod ).
o tJ 1 psi
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