12

Pansystems Analysis of The Reliability of Fuzzy Graphs

Zhu Xuding
( China Digital Engineering Institute )

Let V be a nonempty finite set, F: VZ-I-ﬂO,1] be a
mapping from V’—I to [0,1), then the pair G=(V,F) is called
a fuzzy graph, where I={(x,x):er}. In this paper, fuzzy
graphs are used to represent conmunication networks. Every
pair of vertices (x,y)EV&-I is called an edge of G. For a
given edge (x,y), F(x,y) is considered as the connectivity
of this edge. A path of fuzzy graph G is a finite string of
different vertices of G, Let x,y be two vertices of G, a
path joining x and y is a path which begins with x and ends
at y. Denote by P the collection of all paths of G and by
P(x,y) the collection of all paths joining x and y.

The connectivity function F“?}*b l]is defined as follows
F'(P)’TTF(XQ,xﬂQ, where P= {xl'X2".',Xk} EP.

The connectivity of two vertices x and y, denoted by

—~ max F
CG(x,y), is defined as C&(x,y e P, ) (p).
The connectivity of fuzzy graph G, denoted by C(G), is
defined G —-mln .
efined as C(G) vaV{IC (x,y)

The connectivity of a fuzzy graph serves as a measure-
ment of the ability of G. Usually, we would like the connec-—
tivity of G, C(G)>»X for a certain « €(0,1) to meet our de-
mand. This is, however, not enough. In designing and analy-
zinga communication network, we always concern with another
important problem: Reliability. That is if the metwork is
somewhat damaged, how about the connectivity? What is the
characterizdtion of a fuzzy graph such that its connectivity
is at least X even if it is damaged in a certain degree?

To answer this question, we introduce the concept of
damage degree of fuzzy graphs. By using §ansystems analysis
of equivalence relations, we present a necessary and suffi-
cient condition under which the connectivity of a fuzzy
graph G is at least & even if ( edges of G is damaged.,|

Denote by G(X) the collection of all subgraph of fnzzy
graph G with connectivity greater or equal toXx, 1i,e."

G(D()z{G':G-'-’:(V,F'), F'<F and c(G')>/0<},
where G=(V,F).
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We take the number of damaged edges as the measure of the
damage degree,define GIl] as follows:

Gi(]z{G': G'=(V,F) and H(x,y): F(x,y)—F'(x,y))OH((’}’
Denote by ’PZ(x,y) the collection of all paths of G which joins
x and y and with connectivity 8reater or equal to o,

Definition. A fuzzy graph G is said to be ((,X)-stable if
G{1caG(o).

The intuitive idea behind this definition is quite simple.
An ({,x)-stable fuzzy graph has the property that so long as
the number of damaged edges is less than {(, its connectivity
remains greater or equal to ®, It ensures the reliability of
a fuzzy graph, | ‘

Theorem 1. If for every pair of vertices x,y, there exist
at least ( edge disjoint paths which belongs to ?G(x,y), then
G is an ({, o< J-stable fuzzy graph,.

Here two paths P1={x1, xz,-",xk}, Pz={yi, Y, 0% ym} is
said to be edge disjoint if X, =Y; implies x,,, #Yj¢s o A set of
paths is said to be edge disjointed if every two paths in this
set are edge disjoint.

However, it can be shown by an example that the condition
in theorem 1 is not a necessary condition,

To give a necessary and sufficient condition for a fuzzy graph
to be an({,X)-stable fuzzy graph, we introduce some notations
of pansystems methodology. \

Let X be a nonempty set, E[X) denotes the set of all equ-
ivalence relations on X, If S €E[X), x€ X, then xo8 is a sub-
set of X defined as:

xe§={y: veX, (x,y)eS}

If §€E[X), then X/s denotes a quotient set of X, which is

defined as a collection of disjoint subsets of X, i.e.
X/s = {xoS xex} .

The norm of @ , denoted by (5|, is defined as |[§Il=X/§

Theorem 2, Let G =(V,F) be a fuzzy graph, G is an ((,x)-
stable fuzzy graph if and only if for every pair of vertices
X,y €V, ?:(x,y);tfé, and SGE[CP;(x,y)) with |[§ll<{-1 implies
that EPoe?g(x,y), such that

NP
where P, 1s the edge expression of P, i,e. if P= {xi,x

2 ’
Xk}' then Pe:{(xi,xz), (x, 9% )07, (x“,xﬂ)}



