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On convexity of §( 28, 73 )
Projected from random intervals
Jiang Pei-rong
(Shenyang Institute of
Mechanical and Electrical Engineering.
China)
Abstract

In this paper the convexity of S( 71. 73 ) projeeted from
random intervals 1s studied, and the sufficient conditions
of 8( 71, 72 ) being convex fuzzy set are given.

1+ Preparatory Knowledge

For convenience' sake, in this paper the repeated nota-
tions are given as a preparatory knowledge a® follows. Their
senses remeln constant unless they are specified.

71, 73 are independent continuous random variables.

¥y, Fp are distribution functions of 03s 72 respec-
tively.

p X} pp (X) @re distribution densities of g,, p; res-
pectively.

For given two rendom variables, it is nething serious
that which one 1s denoted by g,, therefore p; denotes
always the random variable the distributien funetion of
which reaches 4 earlier than other one, and the other one
is denoted by #3.,If they reach ﬁ. at the ssme time, any one
of the two can be denoted hy %;.

Xo3 1s = point that satisfies ¥y (x)=4 1f { x|
7y Cx)gi } is a singleton set. :
Xp 2 18 a point that satisfies T3 (X)=% if {x| F, @W=4}

A
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is a singleton set.

% 1S point that satisfies F(x)4F (x)=1 17 {x |
Fi (x)+F2 (x)=1 } 18 a singleton set.

%0 is a point that satisfies pi‘(x)=p2(x) if{Ax |
Py (x)=p,(x)} is a singleton set.

Note:

o2 1% =F2 (20 X =|3 —F2 (% )|

81—‘5\11"1 (x —%|

\

222 | R (5 )-3 e
%iAIFz(Xx)-%I iui““ 76’
a*z-flf‘, (% >~%| // o1 5
A= | eg —gyq | : /' ;'

i
!

A |
Ad=| 2y -~y | 4t ) ey
Ol X1 % x3 % x5, x

Preparatory Theorem 1. Suppose that 9q, 72 are indepen-
dent continuous random variables having distribution
functions F (x) and Fa(x)s then
“s(qﬂ. 93)CX)=F1 (O+F CX)"ZFl(X)FZGO (866(1) )

Lecording to theé definition of a convex fuzzy set (2]

it is clear that we have

Ireparatory Theorem 2. Suppose that Ae F (R) and IX€R
such that

Bpo(x) is nondecreasing if x <x ’
Hpa(R) is nonineressing if x> % 3

then i is a convex fuzzy set.

¢+ Suffieient Conditions of (%, 73 )

Deing a Convex Fuzzy Set

iy the properties of distribution function of centinuous
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random variable, we can prove easily the following twe
lemmes:

Lemma 1. Suppese that 4 is a continucus rendom variable
having distribution function  (x) and set A={ x| F,(x)= %},
then A is a nonenmpty set and A is a elosed interval if A is
not singleton set.

Lemme 2. Suppose that % is a continuous random variable
having distribution function B (x), then { x|l o<Fyp(X)<1}
is a open interval. (we regard (=<, +®) ag a particulsr
case of the open interval)

Definition 1. Suppose that # .is a continuous random

variable. 7 1s said to be strictly increasing if its dis-
tribution function F7 (x) is strictly increasing on

{x]o<F(x)<1},
Proposition 1. If p is strictly increasing, there exists

one and only one point 3, satisfying Fq( xol =% .

The proof is clear.

Iemma 3. If 74, 93 ere strictly inereasing, there exist
Xy 4 @nd Xgq Such that

“é(’)x. 22 )(:g) is nondecreasing on (—o, Xy} ,

HsCn1, 72 )(‘x) is nonincreasing on [ Xg 3, ) .
Proof: Since 71» 73 are strictly increasing, there exist

X9y end X g4 such that Fy (X0 1)=Fy (3 )=4, Due to the
restriction eof notatiens of 71 and 72 in the preparatory

knewledge, we have 01 =X 2,
VX <t<%;=<x: .

“8C71. 72 XC Mg, 9y y(B )

vt
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=Fy (g P (% )-2F (X% )FS (n )-H (x )-F (7 )+
+2F (% )Fp (%3 D

=(§—€3 MH(3—01 I~2(%—€1 I(5=0 D)—(4~€2 )—(%-%2 )
+2(3—€2 (%20

=—8y +€3 —0y +02 +€y +0y —€3 2 —~2€y Oy +283 O3

=2 (€3 dy—€y Oy ),

Since F (x) and F3(x) are nondecreasing, we have
0<e3 <e; <}, 0 <0 <3.
<
Thus U\S/(,)n. 2 )(xl )_“§(9]'93 )CX) )=<o,
hence “53,(93. 72 &) is nondecreasing on (-%s X l]e
In the seme manner, we have that

ps(%, 2 )(x) is nenincreasing on (%p 2, +<). l
By Lemma3, following Theorem 1s clear.

Theorem 1. Suppese that 71+ 73 ape strictly increasing
end %01 X2 , then we have

]

(2
(21, 72D is a convex fuzzy set = and

BOX Us(py, 79 )CX.)=U§(9‘. 79 )(¥01 =% .
_Lemme 4. Suppose that 71,73 are strictly increasing and
Xy <%z ¢ then
UsCog, m XCF> 3 on (%, %10,
Proof: vy x¢(Xpg, X3 ), we have
Fp (X9 g ISPy (X)<B<FH (x)Fy (%32 ).
henee gy =|Fy (x)-4|>0 eana & =|F (x)-}|>0,
thus “5( 24, 72 )( x)=Fy (x)+Fy (x)—-2F; (xXDFp (x)
=4+ey +~01 —2(F+ey I(3~01 )
SEH2Ey & > i
Lomma 5. Suppose thet 71,92 are strictly increasing and

X<, Set A={x|F (x)+BH (x)=1}, then we have that
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(1) A is a nonempty set.
(2) If A is a singleton set {X’} » then Xy <Xo <X 3 .
(3) If A is not a singleton set, then A is a closed in-
torvel and Ac—( Xog, X0 2 ).
The proof is trivial and unnecessary.

Lemma 6. Suppose that 91+ 72 are strictly increasing and

-3

={X | Fy (X)+Fy (x):.-.:y} is not a singleton set, let
A=[X'9X':i‘: see lemma 5), then we have that

F{(x)=1 it xz::',

B (x)=0 1f x=sx'

Proof: Assume Fy (x) ¥ 71 if x=¥, then there exist at
least one pointX>X' such that %<Fi (X)<7, Hence F!(x) is
strictly increasing eand F,(x) i3 nondecreasing on (X'. xJ,
thus there exist at mest one point x such that Fl (x)+Fz(x)==1.
This means that A={X|F; (X)+F (x)=1} is at most a singleton
set. This contredicts the hypothesis, hence F(x) = 1 if X=X

In the same manner, we have

Fp (x)=0 1if x<x', |

Theorem 2. Suppese that ¥, g3are strietly increasing and
A={X|PFy (xX)+F (x)=1}=(x', x") (x'< xn)} then

(71, 92 ) is a convex fuzzy set, and
5 — t wy
(Jé(?lo 7 )(x) = 7 on A=(x}) x"),

Proof: From lemms 5, it is known that A=(x',x")c:(x° l’Xéz)v

cmelys Xy, < X' <X« Xog ° And from lemma 6, it is known that
F(x) =1 if x2x' and Fy(x) =0 if x =x".

m (%1, x)

since Hg(yy, gy Y(XI=F1 (xI+7 (x)=2F (x)F (x)=h (x)
YsC1, 72 ){(X)  is nendecreasing.

m (%" onj :
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since  Hgepy, g9 Y(XI=Fy (X)4+F (x)~2 By (X)F (x)
=7-~F (x),

is nonincreasing.

Hs(py, 9 )X

On (x4, x"J Y51, 92 )(¥) =

i,
From lemma 3, it is known that: %
(e, %9y ), Mseag, 7 3(X) 4|
is nondecreasing.

T ! x“‘..
on (Xgg3, +oo) '

{
By, 9 2(x0 | |

0
is nonincreasing.

In summing ups the monotonie cases of §C71, 92 ) sare

illustrated as figure, hence 8(7%;, 73 )is a convex fuzzy bet
and “g(ol‘ 93)(3() = 1 on (x! x"),

!

Lemma 7. Suppose that g, 5, are strictly increasing, and

there exiets one and only one point X suoh that my(xs )+Fa(Xe)=7

(1) 1t Pr (x>p; (x) on (x4, % ), then
“s(21, 73 )(XD) is strictly increasing on (X0, X2 ).
(2) If

P (X)<Pa® on ¢x, X3 ), then

“s(71, 72 JCXD is striectly decreasing on (xa, X%32)
Proof: (1) wyx5, x € (%1, % ) and x <x ,
from preparatory Theorem 1, we have

“$Co1, 13 )T I Hg(yy, 9y ()

=T (%3 Iy (%1 )=2Fy (7 DT (% IFy (%3 )~Fp (%3 )
+2Fy (x B (x3 )

=HHer +4—01 —2( kre; I($~8; (449 I~ 4oy I+
+2(+€3 )(4—33 )
=2(€1 0y —-€3 33 )
=2 (€1 (92 +48 )~y (&g +ac )]
=2(€g Ad—dy AE) ,
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Since Fy (X) is strictly inoreasing on (X0 g0 % ) and Fy (%)

i{s nondecressing, 0<g; <d<dy .

Since py (x) >P2(X) on (Xg, X ). AE>Ad,

Honce  Ugepy, 93 (¥ gy, gy (R I,

This implies Mg(7y, 73 ) is strictly increasing.

The proof of (2) is similar to (1) so we omit it. 1

By lemma 3 and lemma 7, we have

Theorem 3. Suppese that 73, 73 are strictly inereasing
and there exists one and only one point Xy . 1¢ Pt (x)>P3 (X

on (X080 Jand P (X)<P2 (x) on (X, X2 ), then
§(91, 72 Jis a convex fuzzy set and

ROX Uy, gy )CK )= Bg(ny, 22 )EH y=1=2F ¢ 0)F (%)

mheorem 4. Suppose that 76872  are strictly inoreasing

and there exists one and only one point xy »and . X
sre continuous on (X1, Xe2 J.

(1) If P1CO>Pa(00n (Xez, B2l p (x) is nonincreasing
and p,(x) is nondecreasing on®, X2 3., then (N1, M2 )
is a convex fuzzy set.

(2) If P1 (O<p; ® on (X1, % 2), &1 (XJ) is nondecreasing
ani D1 (X is nonincressing on (% 1» Xo X then 81, 22 ) is

n convex fuzzy set.

proof: (1) From lemme 5, it is known that Xei <X <Xp3 .
On [}C@ 1s X0 J :
Since Py (X), P3 (¥ are continuous and Fq(x), Fa(x) are

derivable, by the preparatory theorem, we have

Us (g, 7g )CXI=R (X)+F (x)—2F (XDF (X)),

(Ug g, 5y Y@OI=P1 (XD (x)~21y (X)F (%)
—2p (X)Fy (%)
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=P1 (XD(1-2F; (X))~ (2I(2Fy (x)~1) .

Since 28 (X1 44 nondecreasing and _2¥1 (% X1 _
F"ZFZ (X) 1...23‘2 ()% )
2 F, 7 By —1
= EC}Q} =7, hence 27 (X)) <7, hamely,
1-2(1-Fy (% )] 1=-2F; (x)

2Fy (x)—-1 <I-2F) (x)% and since ©py (X)>p; (X), we have
/
(Mg eng, g9 )(XII=py E~2F =P (VEF )—1)=0,

This implies Ys(ny, 77 )(X¥) 1s nondecressing on (xp; X
On (X, X2]:

Since p, (x) is nonincreasing and p, (x) is hondecreasing,

Py (X0 is monotone decreasing, and P (x) S 7

P (XD p (x) *

28y (X0 is monotone increasing and 2% (X )1 =7
1—2F (x) 1-2F3 (% ) y

7 P (x) and Z_F,_l (__x)__'_t.
p3 (X) 1-2F &)

are non-intersecting, namely,

Pp(x)  2Fg(x)-1

/
o T2m ) 0 then (g, 5q H(X2I=

=Py (X 1—-2F (x)J+p3 (xD(1-2F (x))>0, hence

v sC N, M )(X) is strictly increasing.

X r —
It Py (x) and 2Ty (x)—-1
P2 (x) 1-2F; (XD

have an intersection point

X & (Xp, Xp 2 ] @s shown

in Figure on right,
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then _PCX) 2% (x)-1 -
on X
P2 (x) 7—=2Fy (x) (%, X3,
hence is nondecreasing on (%, xXJ.

/ x‘}
gon. 100
In the same manner, we have

“?,C'h. 72 )CX) is nonincreasing on (x, Xo 2 ] .

Thus the monotonicities of Hg(ygy, 75 )(X) o1 (X1, X 2)

can only be in the two cases as shown in Figure bhelow.

— L/a: . or ""”/,!\? >

Xp1 X9 Yoz X Xo1% X X2X
kReferring to lemma 3, we have that 85(71. M )is a convex

fuzzy set.
The proof of (2) is omitted for it is similar to (1). |
Lemma 8. Suppose that Pp (X1, P3 (X are strictly increasing
and there exsists one and only one point X, » py(® and py (x)
nre continu&us on (xg4., X2 ), @2nd there exists one and only
one point Xgg € (X g, X 2) Such that py(Xe )=r2 (X0 ),
If py(x) >pp(x) on (X1, Yo ) and pr (x) <pp (x) on
(X0 0, X03 ) , then we have that
(1) “@(93. ,h).(x) is nondecreasing on ( —°, min {x,%e @
(2) Hs( 01, 7 (%2 is noninereasing on { max {Xe, X0 1 +o)
Proof: If Xp1<Xo<Xo0<X2 :
Since Py (X)>B(X) on (%1 % J. Us(m, m y(x) is
nondecreasing on (% 1, % J (sece lemmz 7). And by lemma 3,

u§(‘73- 22 )(x) is nondecreasing on (—o, X) , since

w<7 z%y (x)—1 >7 on (Xe, X2),
Pa (X)) 1—2F; (X))
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B(X) 2F1(X)1  gpat s,
p (X)) 1-2F (%)

Py (x)(71=2F (x)I<pp (x)(2F; (x)—-1), Hence

P thus is
(Hgepy, 5y DCXIIT <0, TS pgep gy (XD 4

noninereasing on (Xpe, X2 ),

And by lemma 3, He( M. T2 A)CX) is nonincreasing

on (Xo, +oo),
If Xy <Xge <X <Xg3 :
In the same manner, we have that
Mscny, 72 ) (x) is nondecreasing on (—», B¢ J,
“g(ql, 22 ) (x) is nonincreasing on (X . 4°) ,

Thus ) is nondecreasing on (—ca,

Hs(ng, 77 )€
min{x@n Xo0 }] .

bsCaq. 72 y(x) is noninereasing on ( max{ X,
X 0 }0 +°°). '

From lemma 8, we have

Theorem 5. Suppose that 25, 72 are strictly increasing

and there exists one and only one point X , Py ®and P2 D
are continuous on (X1, X2 ) and there exists one and

only ene point Xo. If X =Xa0 , P1(X)>p(X)
on (Xpg, % J) and py (x)<pp(x) on (X, X2), then
s(71., 73 ) is a convex fuzzy set.

Theorem 6. Suppose that g,, 5, are strictly increasing

and there exists one and only one point % s py (x),P (x)

are continuous and there exists one and only one point
X0 (XXx%o) on (X1, Xoagk Pt (X)>p2 (X) On (b1, X0 )



-77-

nd py (%) <py(x) on ( % es X3 ). If p (x) i3 noninoreasing
and pz(x) 48 nendecreasing on (min{lro. Be )} max {x, %P
then s(94,73) 1s a convex fuzzy set.

Proof: If X4 <Xg9 <Xp <3 :

Since p, (x) is nonincreasing and p,(x) is nondecreasing

)o—w is strictly deoreasing from 1. And

Qo
! 2 (%)

28 (x)-1 13 monotone increasing to 1 on (e, X J .

1-2% (x) . , v
Hence2 ghere exists one and only one point % & (X0e, % )

(X)) _ 2FH (X1 Pt (x) 2% (x)-1
such that p’GE) = -2 (%) - Since -

p(x) 1-2F (%)

on (X0, Xh (Rgep,, 75 )G‘)’Z"' therefore ug(yp, g, SW 18

nondecreasing on (X e, X), Similarly, it ocan be proved that

;z“(q 9 )(:Qis nenincreasi_ng on (i , X0 J. Reforring to
2 7%, 72

lamma 8y §(71, 72)1is a convex fuzzy set.
I7 1< <Ppoe<N2 :
In the Same manner as above , it can be known that

X) 18 a convex fuzzy set.
bs gy 720 y

The whole proof is ended. i

The author is thankful for Professor Wang Pei-zhuang's
instruction.
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