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ABSTRACT

For a given finite universe of discourse, we define a fuzzy
partition as a family of fuzzy subsats of the universe, every element
betonging to several classes of the partition with various grades of
membership. This concept is particularly useful in the case where a given
popaiation is studied through jmprecise factors, depending on the
~eliability of personal appreciations, the accuracy of measures of the
tee of subjective criteria. In this paper, we characterise several
types of fuzzy partitions ; we evaluate their fuzziness by using infor-
mitional measures and comparing them with associated ordinary nartitions
07 the universe. We also give combinatorial results concerning the number

of such fuzzy partiticns.
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1 - DEFINITION OF FUZZY PARTITIONS

Let U = {xl, cees xn} be a finite universe of discourse. A

fuzzy partition £ = {Ej, ..., Em} of U is a family of non-empty fuzzy

subsets of U.

Each class Ei’ 1 <1 <mofE is defined by a membership
function fi U~ [0, 1. For every i€{l, ..., m}, we denote by fij :fi(xj)
the grade of membership of the element Xj correspaonding to the

class Ei’ and h(Ei) its maximum value, called the height of Ei‘ Let F(E)

be the mxn matrix having fij as an element in the jth line and the 1th '
cotumm, Tt verifies
. f.. 1=
; f13 >0 vie{l, ..., m}.
In the sequel, anand v will denote the infimum and the supremum.
For every J&€{1, ..., n}, £ = v f.. is the maximum grade of membership

. iJ
i
o{ the element X5 in a class of E. It is supposed not to be nuli.

Ordinary (or crisp) subsets of U are characterized by
memberships functions £, o U~ {0, 1} and ordinary (or crisp) partitions
of U are particular cases of fuzzy partitions. However, we generally get
a covering of U from the definition of a fuzzy partition, when all the

classes Ei are crisp subsets of U.

Example 1 : U= {xys oos X}
E = {E, E,, E5}. E' = {Ey, Eg, Eg)
F(Ey = (0.8 0.1 0.1 F(E'y = [1 0.1 0.1
0.7 0.1 0.3 1 0.3 0.2

0.1 1 0.1

1 0.1 0.1 0.8 _0 0.2 1
E" = {E;, Eg, Eg} E = {E;, E,, E3). )
F(E") =/ 0.9 0.1 0 ] F(E) = [ 1 0 0 ’
f 0.8 0.5 0.1 1 0 0 |
0.5 0.6 0.3 0 1 0 |
0.1 0.2 0.9J 0 0 1]
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For instance, partition E-is a crisp partition of U, but any
fuzzy partition described by a matrix containing more than one 1 in at
least one line would be a covering of U. Therefore, we must specify
characteristics of a fuzzy partition in order to preserve the compatibility
between ordinary and fuzzy concepts. This can be realized in the three
following ways, more peculiarly :

- type 1 : normalized partition E.

The sum of the terms of every line of F(E) equals 1 :

1S 3 =
vie{l, ..., n} ? fij 1

(For instance, partition E in example 1).

- type 2 : natural partition E.
For every element X5 of U, there exists only one class such

trat fij = fJ.

(For instance, partition E" in example 1).
- type 3 : maximized partition E.
The matrix F(E) has exactly one element equal to 1 in each line

and at least one in each column,
{(For instance, partition E' in example 1).
A maximized partition is natural.

2 - COMPARISON OF THE FUZZINESS OF FUZZY PARTITIONS

In order to evaluate the fuzziness of a fuzzy partition &, we
compare it with a crisp partition E as close as possible to E [2].

For a given threshold o € [0, 1], the a-level set A% of a fuzzy
subset A of U is the set of elements x€U corresponding to a grade of
membership f(x) at least equal to a.

let ﬁiabe the family of crisp partitions associated with E for
the threshold @ and defined in the following way : if E = {El’ v Em}€'5 s

a4

then xje Ei for 1 <j<mand 1 =i < n implies that fij > o , It is possible

that some classes of E are empty.
If there exists a value o&[0, 11 such that the a-level sets of

F.. 1< 1i<m, are disjoints, E is called a ®-partition and G contains only
Qa

one crisp partition E, c-associated with E. For instance, E" in example 1
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is & 0.6-partition and E is a-associated with it.

tore particularly, if E is a maximized partition of U, then it
is & l-partition. For instance, E' in example 1 is a l-partition and E
is l-associated with E.

The values of o such that fé is not empty 1ie in the interval
{JO, aM], with ap = 4 A fij and ay = A £, If [ is a natural partiticn,
there is a crisp partition E in“ﬁdh sucﬂ that :

{

 EE; @ fy5 =Y

i iJ
This is the case, for instance, in example 1 if we consider the natural
partition E" and the crisp partition E, 0.6-asscciated with it.
Consequently, E" is a 0.6-partition.
However,fia generally contains more than one crisp partition.

. . LK .
For instance, partition E corresponds to a family Lb 4 made of two crisp

partitions, E and E' = {El, E 3} with 'y = {x3, x4}.

We propose to use an informational concept to determine the

crisp partition closest to E, and we introduce the relative cardinality

o7

g

p

. a class Ei of E, for the threshold «, with regard to [EC

2y

=1 3
pa<Ei/E) n XfEEi fij
. a class Ei of E :
- 1 -
Q(Ei) ﬁ'lEil'
These quantities verify :
0 < p(E;/E) = q(E;) = 1.

If £ is crisp,7%1 = {E} and 25 =0 ¥Y¥a#l, and pl(Ei/E) represents the
o

ratio of elements in Ei'
Let us define the gain of information of E with regard to

Eé?; by the following :

2 L(p (E5/E)s a(E;)) (1)
with the notation L(x, y) =y log{(y/x).
This quantity is positive and null if and only if

p (E./E) = q(Ei) ¥i. It is easy to see that :

Es E)=

n o3
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Propnrtv 1 : If E is a maximized partition, then Hl(E 5 E) = 0 for

'Z’? = [E}. It is particularly true if E is crisp. If E is normalized, then

Ho(E s E) 0 for some a and EEié, if and only if E is crisp. If E is a

natural partition then H (E ; E) = 0 for some o and Bfé? if and only 1f

Y ois maximized andigl = {E}.

In the case where there are more than one crisp partition in f?u
for the threshold a, we propose to consider the crisp partition EO

minimizing Ha(E ; E) for Eeié& as the crisp partition closest to E. To
justify this criterion, we show that the gain of information is a good
representation of the fuzziness of E.

We say that the fuzzy partition E' = {E‘l, ces E}n} of U

defTined by grades of membership f;js a-sharper than E = {El’ T %h}' If

Vi fij >q = f i > fij

= t

We now prove the following
Property 2 : If E and E' are two fuzzy partitions such that E' is a-sharper

than £, then :

HUE5 B) o H(E' s B) vEel (2)
and _ &, H(E;E)Z_A\ H(E' 3 E). (3)
et © e @
. s
Proof. If E' is a-sharper thanE, then f.. 2 a = f'..20 and &=10" .
I ij ij a o
For every i€ {1, ..., m}, we have :
p (E'5/E) = p(E4/E) vie€, and (2) is easily deduced.
Furthermore, if we note
H(E) = .~ _ H (E 3 E),
a et ©
we obtain ¢ o
HG(E) = HG(E ; EO) > Ha(E i EO) > Ha(E )

vihich completes the proof.

Obviously, the particular form of function L is not important
and its only interesting properties in this context are, on the one hand
the fact that it is null if and only if x = y, on the other hand its

decrease with regard to X.
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3 - COMBINATORIAL RESULTS

1t is interesting to give combinatorial results concerning
the numnber of fuzzy partitions of U and to generalize well-known
quantities used in classical combinatorics. We suppose, in this part,
thet the set T G [0, 1] of possible grades of membership is finite,
with '1° = k. For a given fuzzy subset A of U, with membership
furct-on f, we denote by p = QEU f(x) its fuzzy cardinality. Letcigbe
the family of fuzzy partitions of a given type.
We remark that a fuzzy partition E of type 1, 2 or 3 defined
on U = §x1, e xn} can be obtained from a partition E' of the same type

on U s ixys s X1t BY adding the element x, either ina class of E'

(which constitutes the subfami]yff' of¥), or in a new class of E (which
constitutes the subfamily ©" of<¥).

3.1. - Number of normalized sartitions of U

We evaluate the number Sﬂ(l) of normalized fuzzy partitions

with m classes which can be defined on a set of n elements by using

grades of membership belonging to I. We must solve the conditions :

§ fij =1 viEe{l, ..., n}
? fij >0 vie{l, ..., m}.

We must consider the number Cﬁ(l) fuzzy subsets of U with

cardinality p. 1t can be proved [ 3] that it satisfies an equality
anaiogous to the one defining Pascal's triangle :

Property 3 : For k> 2, nz= 2, p> 0, we have :

p _ p-1i
ch(l) = ¢._1(1)

) i€l

and z ch(1) = k",
p=0

with Cs(l) =1 VpEl,
ch(1) =0 Ypel,
C%I)= 1 ¥n =z 1.



We use these quantities to determine the number of normalized
partition and we note I° = 1-{0}.

Property 4 @ For k>2,n=2,mz22, we have :

M1y = ST (1) ci(1) + "y o) (4)
n n-1 m j=1 n-1 m
. i
At DY Mmooy Jdy ol o
with Dy (1) = (5) nio (r) Coogar (170
and S?%(I) =1 ¥n > 1

Proof : The first subclass<F' of F corresponds to Sﬂ_l partitions of U,

ezcn of them associated with C%(I) definitions of the grades fin’

] i« m. Thus we get the first part of (4).
The second subclass I" of <% corresponds to partitions E' of U’
with j classes, for 1 < J < m-1, and there exist S;_l(l) such partitions

using j given classes of E. But (?) choices of these classes are possible.

For every given partitions £', we define E by giving the values of fin’

5

103 <m; (m-j) such values must be non-null, corresponding to the classes
of F which do not belong to E'. We can also choose r other classes of E'
corresponding to non-null values of fin’ for 0 < r < j ; there exist (J)

r
s.ich choices, each of them associated with C;—j+r (1°) definitions of the

gredes of membership fin’ which complete the proof of (4).
In the case where the set of possible grades of membership is

[ = {0,-l—, _g—, ..., 1}, the exact value of 52 (Iycan be deduced [ 3} 7rom
] k-1 k-1

resultson the number of compositions of vectors [1]

m . . n
m i,my ,k-2+m-1
Sn(lo) = '% (-1) (1) (k—l ) -
i=0
3.2. - Number of natural partitions of U

We evaluate the number TE(I) of natural partitions with m classes

hich can be defined on U by means of values taken in I. They satisfy the

conditions
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- .
_ fij >0 VJ
;
> f.. >0 Vi
i "

L £ is unique in {fij’ 1<is<m ¥j.

Property 5 @ For k 2 3, n> 2, m= 2, we have :

THI) = T0 ) (Dm RE:% + ?éi Tg_l(l) F%(I) (5)
th R = _g P vas1, w21, (6)
i=1
RS =a+ 1 Ya » 1
and B0 = (D) r%O () (meger) /IO (7)

Proof. : Any partition E of F' is deduced from one of the Tﬂ_l(l)

partitions E' of U' by choosing the situation of the maximum value £
< i <m, and m possibilities exist. Then, we choose the vaiue

e & 1
(U1 SN B¢

in
q of M40 1, and we get N(q) = |{x€I, x < g}| possible values for
every element fin different from 1. Therefore, we obtain :
oD m 2 N@™ L= T (1) m RN
n-1 gl n-1 k-1

b

3 defined by (4).

possible natural partitions in S, with R
Now, any partition E of 3" is deduced from one of the Tﬂ_l(l)

partitions E' of U' containing j classes, for 1 < j < m-1. For every

vzlue j and one of the (?) choices of j classes in those of E, we must

determine the values fin ; (m-j) of them are non-null and correspond

to tne classes of E which are not in E'. We have (i) possibilities of
non-null other coefficients corresponding to r classes of B, for 0 = r < J-
For one of the (m-j+r) possible situations of fM and a given value g€I°

for £, we obtain N'(q) = L{x€I%, x < q}| possible values for every fin

ai‘ferent from f'. Consequently, for all the possible values q, we obtain:
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)m-3+r—1 - Rm—3+r~1

LS -2

q<L®
possible values for all the non-null fin' We must remark that, when
m-i4r = 1, we have one value of fin different from 0 and equal to £

thore exist (k-1) possible values and we note RE;Z = k-1 by convention

ir order to preserve the notation in (7) in this 1imit case. We have
conpleted the proof of (5).

3.3. - Number of maximized partitions of U

We evaluate the number Vﬁ(l) of maximized partitions of U

with m classes defined by means of values taken in I. They satisfy the
conditions
{fa =1 1is unique in {fij’ 1 <1<m} Vi.

h(E;) = 1 ¥i,

Property 6 @ Forn 2 2, and k > 2, we have, if 2< m <n:

1 "'1 '1 "1
M1y = (1) VT (D)) (DT (8)
VI(D) =0 ¥m>a

and Vﬁ(l) = 1.
Froof. @ Any partition E of‘f.l is obtained from one of the Vﬁ_l(l)
partitions E' of U' by choosing for Xn the place of the fin equal to 1
(m possibilities) and the value of every other coefficient fin’ different

from 1. There exist (k-l)m"1 such choices.
Now, we consider the partitions of <", As every class of E
mict contain one element with coefficient equal to 1 and as there exist

only one value fin equal to 1, E must be deduced from a vartition E' of U'
containing m-1 classes. The new class Ei constructed for X, can be one
of the m classes of E and it corresponds to fzn = 1. We have (k-lfn-1

possible choices of the fin’ i # ¢ and, further, we may choose coefficients

£ ]

s different from 1 for the other elements Xj = j # n in the new class
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n-1 m-1 )m(k—l)n+m“2

E. . there are (k-1) such possibilities. Then, we have Vn_l(I

T <.
maximized classes of Fin ¥,

3.4. Conclugign

We have proved that the number of fuzzy partitions of U of
every type satisfies a recurrent equality, generalizing the formula

defining Stirling's numbers in the case of crisp partitions.

Bxample2 : 1 = {0, 2, 1},
Py 8\5\ 0 5 1 3 2 Py 123
111 1 0 o 1 |1 1 o
> 11 2 3 2 1 2 |1 7 12
3 /1 3 6 7 6 3 |1 25 138
s |1 4 10 16 19

iy N1 2 3 ﬂu);nm 1 2 3
1 |2 2 3 1 1 0 0
2 |4 28 129 2 1 8 0
3 | 3 200 2751 3 1 48 384
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