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1 INTRODUCTICN

[4,8,6,7,6] studied some structural characteristics
"y measure; nd used them in the theory of convergences
o f ecsuence of measurable functions and of (3)fuzzy integrals,
obtained a series of new results.

chao [9] introduced the concept of (X)fuzzy integral and
ome properties of (N)fuzzy integral and of sequence

ix trkls paper, we shall further discuss the (M)fuzzy in-

- by uvsing the structural characteristics of fuzzy mea-
Sii rroposed in [4,5,6,7,8] .

¢ BAJSIC DEFINITIONS

<+t X be a nonempty set, F bLe a F-algebra of subsets of

2, f.i:'\-;-—-—»EO,oo] be a fuzzy measure on (X, &F).

Lne following definitions are introduced from [4,7] .

s

welinition 2.1 The fuzoy measure 1 is called subadditive

LT Trr every 4 €, and every Be?, we have

Tomeasure is called null=-addi-

!
v

1., if we have F(AUB) = F(J), whenever

The fuzz
d

lon 2.3 Let A€F, f&a)( oo. W is called peseudo-

.- wdditive witn respect to 4, denoted by p. O-add./4, if
P('su;:) = HC), whenever B€.nF , cesinF , Wa-B) =

Jefinizion 7.4 V is called aatocontinuous fror above, den-
STwe Uy autoc.d (resp. autocontinuous freom below, denoted by

e A 3 1
coed) irovae¥F, yin tcF,

(B )“"‘"O‘-:—"#}L(AUb‘n‘) ——-—?P( A)
pes
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(resp. P(A-Bn)_—"’l(A));
p is caried autocontinuous, denoted by autoc., if it is both
cutoeo,dand autoc.t.
sefinition 2.5 let Ae%, M(u) <oo. }Ais called pseudo-
zutccontinuous from above with respect to A, denoted by p.

i

T

tce. d/4 (resp. pseudo-autocontinuous from below with resp-
€ect =0 s, dernoted by p. autoc.p/L) if

P(BAL) —>(3)==> P((4-E,JUC) — (C)
(resp. F(BA\C)——*’A(C)),

-or every C € ANF; }l is called pseudo-autocontinuous witn
respect to A, if it is both p. autoc.l/4a and p. autoc.f/a.
Jefinition 2.6 a4 class € of sets in F is called a

chiain LY whenever 016‘6, 0266, then either C1C. 02 or CZC C1

A cnain € is called F—bounded, if there exists M>0, such
trnat P{C)si"l for VCe€¥.
Definition 2.7 }A is called local- uniformly autocontin-

uous from above (resp. local-uniformly autocontinuous from
teiow), if it is autoc.}, and for every }L-bounded chain € ¢ F
anl every €»0, tnere exists a @ = 3\(6, £ )>» 0, such that
Mlavs) € p(a) + €,
(resp. W{4-B) 3 W(s) -¢),

vnenever 2€¥€, BE€FR, WDBI<J ; p is called local-uniformly
autccontinuous if it is both local-uniformly autocontinuous
frerm acove and local-uniformly autocontinuous from below.

waneg [4,7] gave the following results:

_eorem 2.7 Let M be a fuzzy measure, then
M is subadditive.=p | is autoc..
M is autoc.l.(resp.  autoc.f.)=>p is O-add..
U is p. autoc.d/A . (resp. p. autoc.f/A)::#rAis r.

(&) W is autoc.&.::b’Ais local-uniformly autocontinuos
(50 K ois autoc.f.<=>flis local-uniformly autocontinucus

now we ghail introduce the concept of local-uniform ps-
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eaic-autccontinuity, and give the relation between this concept
1 -autocontinuity.
Lefinition 2.8 Let a€F, W(4)< oo, p is called local-uni-

L
‘orniv pseudo-autocontinuous from above with respect to A, (resp.

)
"
!
4
>‘
a
by
in
g}
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oY
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incal-uniformly pseudo-autocentinuous from below with respect
o4 ,3 if for every chain €e€ANT and every £>0, there exists
= d(®€, &)>0, such that

K((a-B)UC) - W(0) < €
(resgp. ‘A(C) - \‘)4(500)‘8);

wiencver Ce€¥€, BEF and kL(A) - }A(Af\D)CJ; P is called local-
unifcrnly pseudo-autocontinuous with respect to A, if it is

VAN U5 RN ‘)

rotn local-uniformly pseudo-autccontinuous from above with re-
spect to A and local-uniformly pseudo-autocontinuous from bel-~
ow wite respect to A,
Treorem 2.2 Llet A €%, Ws)<oo. Then
(1 v is p. autoc.k/A.é;#?“ is local-uniformly pseudo-
atceontinuous from above with respect to A,
(2 W is p. autoc.$/4.<=> W is local-uniformly pseudo-

(D

L

zutcoreortinuous from below with respect to 4.
% THE NZCESSARY AND SUFFICIENT CONDITION
FOR THo (N)FUZZY INTEGRABILITY

e discussions in this secwion and in the following sec-
tirr+ will be dore on a given fuzzy measure space (X,ﬁQ,tL),
© + “urctions used will be pon negative measurable functions

r7 ~hese functions will be denoted by f, fn’ n=1,2,""" .

v, this paper, we shall make the following conventions:

- - 1 =
= {T za], iz = {17 &y,
N g n
N A 2= ifn7 o(} !
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Jefinition 3,1 The (N)fuzzy integral of a function f over
1¢% i3 iafined as

(N)§,£ap = sup [ p(Fzna)].
oA >(

Jerinivion 3,2 Let A€%, f is called (N)fuzzy integrable
over A, denoted by f&LA(}l) if

(¥)§, fip< oo.

~nao [ 9] gave the following sufficient condition for the
(N)fuzzy integrability.

theorem 3.1 If WX)< oo and f is bounded, then for every
:15'?, t{‘u;t(%{)c

w0w we shall give a necessary and sufficient condition
sr tae (Njfuzzy integrability.

‘heorem 3,2 Let A€%F,then the following two conditions
are =guilvalent:

Y fe L :
L2 Y>>0, p(F;;‘T\A)<oo and
i‘mok-}k(}?;ﬁ A)< 00,

A ~¥ 0o
LTﬁob‘.k(Fg(\A) <00,

A~
L 3:V<£RAL EQUIVALENT DSFINITICNS OF (N)FUZZY INTEGRAL
lacorom 4.1 (N)) fdp = sup [ (FzN 4)]
A>»0
= sup Wi(Fu14)]

x>0

‘orolliry: Let A€% ., The following two conditions are
-r

bt
@
3

equival 2!
o fel (W)
(2] YA>0, H(Fd(\A)4oo and

S

STmoU(E A)< 00
STRR(E 4) ,
e o\-}A(F&(\ A)< 00,
A=)

Coesrem 4,2 (N)S{fd” =Eseu¥p[(inff(x))-(;(anxl)]
xeE



-30-

= sup[(inff(x))- p(ﬂnb)]

EeBd) xek

wWreT ?{fi is the @G-algebra generated by f. (since f is mea-

urarle,  P(£) is subset of ? )

“cw we shall give znother eguivalent definition of (N)

Lntegral,

rTr every non negative simple function
= o %
i=1 i 4,

“ ~

cwners A€ R, i=1,2, -~,P, o # & (i¢3),) we define

NO _1[0( ‘Wans )] vaeF,

Trheorem 4.3 (N)S;fdﬁ = supQA(S)-
) 0<S< ¥

5 PRCPoSRTIES OF (N)FUZZY INTEGRAL

wx0 [ 9] gave the following results:
ireorem 5.1 Let A,B€%F, then

P

u(s) = o=>(m)§ rap =
(N).(Afdp = 0= W({r>P}na) =

(0 re =) fraue 05, rap

P

5 (u)ggfdv = (N)Sf-?ﬁdp , vhere Qﬁ is the characteri-

st function of Ay

——

ACB:;»(N)SAfd‘.L < (N)Shfd},\ .

P

{Iv)ﬁaad“ = a.P(A), Va>Q0;

Coo S Gveap 2 (0810 v ) § s

~

(zc)SA(f1/\f2)dy\ < ((N)gAf1d‘A) A ((N)SAfzd‘x);

o) e 7 (9§, 0V (00 Srap);
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(0 afap € (O ) A ) eap);

J (N)gﬁcfdv = C(K)SAfdv, Vc >0;

) (N)Sh(cvf)d%=(c.}k(A))v(n)fAfdP, Ve >0.

can prove the following theoremns:

_necrem 5,2 Let A€F, a>0, then

(N)Sa(f+a)dt1 < (N)gﬁfdy. + a‘A(A).

velinition 5.1 We say f1 and f? are equal almost every-

T
s

dencted by 51 = f? a.e., if

V(§f1 # £,}) = C.

oren 5,% Let a€e, M(:a)(\oo, a>0, If |f1-—f

inition 5.2 Let L€F, WA)<oo. We say fy and T, are

il pseudo-almost everywhere .cn A, denoted by f1 = f? p.

Wy = £300) = ja).

{ = a on

5
i(}@)SAQdM - (I\T)S‘Afz,dtk! < a'.k(n).
~rem 5,4 Whenever f1 = f. a.,e.,, it holds

(Ii)Sfﬁzd},k = (n)gf'gdvx y

vdooendy it V is C~add..

S . /. . \ ~ -
arem 5,5 LE@:&GS% FAA)L.OO‘ whenever f1 = f2 Peéle€.



-572-

sn=c [9] proved the following theorem only for the case
o fe.;n(p}, and besides, the proof given in [9) is long. In

“azct, we can prove it more briefly.

regrem 6.1 (N)gAde

(N)y@:ﬂAﬂm

(N)S:P(&AA)dm

wrere m is the Lebesgue measure on [O,oo].

>
“

czn also give a transformation theorem for the Lebesgue
irtepgral.,
Theorem 6.2 Let (X,%,p) be a measure space, f be a meas-

vrav.¢ function, then

(15, K(Exna)da

(1)§ , ra

00
(L)SO W(Fana)dor

for every A€
“rom this theorem we know that Theorem 4.10 in [9] is a
sire~t conclusion of Theorem 3.8 in [9], hence we can omit

1re Lcng and boring proof for Theorem 4.10 given in {9].
7 OOUNVSRGENCE THEOREMS OF SsGUnNCE OF (W)FUZZY INT-SGRALS
Ineorem 7.1 Let A€F, [i)<oo. If {f } converges to f
uriformly on A then
1im(N)SqfndM - (N)gAfdp .
N-oc )
vefinition 7.1 We say {fn} converges to f in measure,

sennted by fnJi*f, if for every & >0,
1imp({If -f{= €}) = 0.
‘l’t.--v‘c;‘c»l n i’ }

Lefinition 7.2 Let Aég*, pl(rl)d oC. We say {fn} converges

: , P .
1o f peendo-in measure on A, dencted by fﬂ—g'f on A, if for

o -
vvery v >0,
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Lnf({i2,-2 < €}0A) = pa).

Trecorem 7.2 (1) Let ‘A(X)< oc. whenever f €T, {fn}CF is
— U

uriformly pounded and fn——-rf, then

1im(N gf dph = (N !
Lim(0roap = (0f ey,
7 ang only if V is autoc..
i) Let A€T, M(A)< oo. Wherever fe€F, {f }CcTF is uni-
i n
fcrm.y bpecunded and frf-&f on A, then

1im(N) §, 1 ap = (W), rap

n—>c0

&

¥ ana only if M is p. autoc./A.
Ineorem 7.3 (1) Let \(X)< oo. Whenever feF, {flcT,

¢ € (n=1,2,-*") and fn—&ff, then

1im(){_ap = (0§ rep

TL~>00
2* ans only if M is autee.f.

7Y Let a€F, U(i)<oo. Whenever feF, {fn}cTF , T,&1

{r=1,, - ) and fne-‘-ﬁ-»f on A4, then
Jim{N = (N)) fd
Lin0S yrap = (0§ 1ap
T anc only if W is p. autoc.t/s.
ineorem 7.4 Let X)<oo, {f } be a uniformly bounded se-
tuenee, ¥ f —=f then
1im(N)fr ap = (8)frap .

Tomed 0

sefinition 7.3 We say that {fn} converges to f almost

everywhere, denoted by fn——"f a.e., if
‘A(;‘limf = f is not true} ) = O.
oo Il

sefinition 7.4 Llet ﬁc—{r, }A(:‘a)é 00. We say that {fn}
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s to I pseudc-almost everywnere on 4, denoted by
L ¥ J

Sa.e, on A, if

WCQRims, = £3N4) = W(a),

neoren 7.5 (1) Let M(X)<oc. Whenever feF, § CF is
1 n

a2 formly vounded on X and fr~—'f;a.e., then

P

PR

)
s

re

E')

1im(N)andv,= (¥) £ap

T—r 00

iy 1f p is G-zdd..

et ae%k P(n)é 00. Whenever fé€F, ffn}CF is uni-
cunded on A and fn-—’f p.a.e. on A, then

1im(N = (N)) . fd
‘nifx:)y gA H
M is p. O-add. /A,
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