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Introduction
in (1] Le.A. Zadeh suggested 2 method of approximate reasoning

eslled "compositional rule of inference” (write CRI),which may
be represented as

A—> B
A* (modus ponens, write MP )
B =A* o{A-——> B)
and A B
B* (modus tollens, write MT )

A*=(A~—> B)oB*
where A A%Z(U), B,B*e % (V), (A— E)eZH(UXV) and "o" is the

“gup-—A" composition operation.
The fuzzy implication proposition A-—a B defined by L.A.Zadeh
ag.:
A—> BERE BH(UXV)

wnere R{u,v)i=[1-2(u)IVA(WAB(V)] or R(u,v)=1A[1- A(u)+ B(v)]

Forever E.H.Mamdani({2] ,¥.Bandler &L.Kohout{3],R.Willmott[4]}and
M.NMizumoto(51in succession suggested some difference definitiorn
of fuzzy implication relations,they are Rm sRa ,Rc sRs ,Rg sRee
Rsy »Rgy sRgs oHss yRa 9sBa oBRs #R# ,Ro (see 5] )yetcsoWhen using the
method CR] %o approximate reasoning, we always need a fuzzy re-
lation ReZZ(UXV),which depend om A and B. Such the method CHI
is not convenient to practical application.

ir. classical two valued logic, the logicol reasoning is "abs-
tractness",i.e. the conclusion of reasoning is dependet only on
the truth values (0 or 1) of propositions A and B.

in "sbetractness" approximate reasoning method with fuzzy itruth
values and the dukasiewicz's definition of implieatiom is given
by J.F.Buldwin inl7) (we write TVR), which may be represented as
Figa.t:
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in above, T(A/A*), T\B/BX)e (1), I=[0,1]

TIL/A%)(x)= BUP A*¥(u)
Alu)=x (1)




108

TE/B* ) (y)= T(A/8* )(x)o Rix,y)

= sudTa/m ) (OAD A G -x+y)]y (@)
xel
anc B (v)=T(B/B*)[B(v)] (3)

we point out,that the part of Fig,1 in dush line has more
“pbstractness” ,and it is just the advantage of method TVR over
the CRI.

Note that, the method TVR has generality. Similar to CRI, we
can give some difference definitions of R(x,y) a8 Ry ,Ry-eretCes

1.Bquivalence of two methods

Ir this section we proved the approximate reasoning method
TVR is equivalent to the method CRI.The mean of equivalence is
such,that from same premisec (major and minor) we can draw one
and same conclusionse.

Theorem 1. Assume R{u,v)= R[A(u),B(v)]€ G(UXV),R{x,y) & ZH(IX1)
are the fuzzy implication relations of method CRI and TVH,res-
pectivelye.

1f R{x,y)=R(x,y),and the range of A(u) is I, the two methods
of gpproximate reasoning are eguivalence.

Proof: We only prove to MP, the MT similarly.

Let A,A*¢FHU),BETH(V) and A—>B.

From method CR1, we have

VYvev  B¥(v)=fu)oR(u,v)
=§g}‘- fax iu)/\f—.‘{u,v)}
=SUP {* (wAR (& (w),B(v))] (4)
Fror method TVR,by(1) we have
A/A%) (5 )1=SUP A¥ (u).
T4/ “1)2$;A(“)’(Xé1)

Beczuse the range of A(u) is I, so ~(A/A* JEZH(1) is & fuzzy
truth value.Thus by (2) we have

T(B/B )iy)="T(A/& )(x)o R{x,y)
=T (A/A* ) (x)o R(x,y)
=37F { SUE[A (ARG () ¥ )]}
=SUE LA* (WA R(A(u),y) (yel)

and by (3) we¢ have
Vvev B (v)=T(B/B*)B(V))

=50 [ (WARB(),B(V)] - (5)
Sc by (4) (5) we obtain
'\'f‘V&V ?1 (v)” B”_;_(V) QOE.DO

Lastly, 1ot us noiice that 17 R{x,y)=1A(1-x+y)=R{x,y),tien
Wwe obtsain the equivalence of method L. A. Zadeh's and L. V.
Baldwin's,
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2. Optimum fuzzy implication

In this section we make an approach tc differece fuzzy impli-
cation, and find out tne optimum,

Firstly, we point out, that the fuzzy truth values "TRUE"
and "FALSE" are not the "TRUE" and "FALSE" of classical two

velued logic. The "THUE" of two valued logic is "ABSOLUTELY
Tl yand defined as

O0<£x<1
x=1

"ABSULUTELY TRUE"éT(x#{?
similarly,thé “FALS:" is "ABSOLUTsLY FALSE" and as

) <
" ABSOLUTALY FALSE"éF(x)={? 2:0" !
1f we given & partial order relation in Zh(1) as following:
T, Ta€ g(l),’ué"a-&ﬁmfa\.;(’l},’b)=’h,(the max see LBIP.52)

tner the T(x) and F(x) just are maximum element amnd minimum
element of fuzzy truth velued set.

1n approximate reasoning following properties of iwo valued
logic must keep up:

Iropertyl. I1f A~ B and A is the "ARSOLUTELY TRUE", then B
is the "ABSOLUTELY TRUE"Z

Froperty 2, If A—> B and B 1s the "ABSOLUTELY FALSE",then A
is the "ABSOLUTELY FALSE" g

Assune Re%IXI)is a fuzzy implication relation of approximate
reasoning , we have:

Theoren 2, The property 1 holds if and only if R(1,y)=T(y)
The property 2 holds if and only if R{x,0)=F(x)
vyrocf: rroperty 1 helds {;:j>-T(x)oR(x,y)=T(y}

°
’
.
14

& g ARG = 0)
= r(1,y) = T{y)

iroperty 2 holds &= R{x,y)oF(y)=F{x)

<= gur{ RGx,) A F(y))= Flx)

& R(x,0) = F(x) Q.E.D.
rcm this theorem the boundary restriction of & fuzzy impli-
cation relation is given, we called

"poundary conditions" (Fig.2).
Lets that te Ry ,Re »Hg ,Rﬁ,,Ras,Hﬁs(in[BJ) some boundary con-
ditians are destroyed.
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in aj;rroximate reascning we hope hLold the "co-ordination of
moci®,i.e. if A-= B, then "“very A—s very " ,"fairly A-—» fairly
1 ete..Ugualy the operations of moocd is li, as
hA[A\JC).‘g{A(X)]A (A=1 ,2,...,n, A,ooo%)
thus above conditions of mood may be represented as:

iroperty 3, If A—+B, then Ha(A)—> Hx(B).

We call above property to the conaition of mood, and have:

Theorewm For arbitrary monctono increasing fuzzy truth
. \ 0 7
value TESL(I), Yyel, £(x)oR(x,y)=f(y)<{= Ii(x,y)={ z:y}

{Kote that,where we do not restricte the value of R(x,y) at
¥ <y, see Fige3.)
Frocf:" = "Assume H(x,y)= {1

increasing fuzzy truth value, then
vyel, f(x)oR(x,y)= SUF [£(x)AR(x,y)]

;i;’ and f(x) is a monotono

sqp[f(x)/\n(r.y)]\/f(y)
Since sur [£(x)A R(x.y)]< sur f(x)<£(y)
X<y x<q
SC f(x)oR(x,y)= fly)

" =" Heauctic ad absurdum. Assume for any monotonc inecreasing
4r§' Y,hnvae T{x)oRk(x,v)= fl{y), but Rix,y) do not satisfy the
corditions, i,e. or 1)3d x>y, such Rx..w)=k>0;

2)3 x=y=X such R(X,X)=k,<1 (k,#0)
cer 1) circumntances we can found & f(x) such, that

cilx,vis £(y), so contradictory.
roer G, let O Gexgy,
T, (X) Vo< X€1
t:&e'

Ty (% j0RiX,y)= Sl [f (x)/\R(K,x,)]

Z (x.; A R(xov, )
XAk =k>f ()= 0, contradictory.

Yor 2, let - Ogx¢ X
£ (2)={ 2k, xexel
thern . {x)oR(x, k)= SuP [ £. (x)A R(x,x)]
- ;gk( DIV[SIE )]V [0 Ar(x,3
since .° u< F. have £{x)=0; if x>¥ have R(x,X)=0
sc thod 1. (x)omx,k)= £(X)A R(X,X)= 2k, A k, =k,

but £ K)= 2k, ,thus £z (x)oR(x,X)< £{X),contradictory, Q.E.D.

1t is generally believed that the fuzzy implication relstion
K(x,v) i¢ monotone increasing function of y and monotono dec~
reasiri for.ctior o x, so have

rremexty 4.0 fuzzy imv:lication relation R(x,y) is nondecreasing
¢! v o nonincreasing of x function.

Treo omtimwn fuzay izmlication is a fuzzy relotiom, which
satizfy sbove four properties. Thus we obtain a basic theorem:
Theoren 4., The optimum fuzzy implication is amd only is the

x>y (as Fige 4)

; O
RS\X’y);’-{.‘ X< v
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Froof:0tviously, from theorem 2,3 and property 4 .

3t 1s of interest to note that, the optimum fuzzy implication
just is a2 nonfuzzy relation, which is the "Stundard sequence"
implication of many valued logic. '

4, Direct method of

approximate reasopning
1n thic section & new method of approximate reasoning with Kg

is given,

Lemms 1, Let R$={O x>y

1 x<gy
and decreasing fuzzy truth values, respectively. we have
1)¥yeI, f(x)oRs(x,y)= £(y)
2)yYyel, g(x)oRs(x,y)= g(0)
Proof: The 1) is & corollary of theorem 3. We only prove 2).
At arbitraly ye I,

g(x)oRg(x,y)= SUP [e(x)A Rg(x,¥)]
=50 (g(x)A1]
=S}Isl; g(x)

from the monctono decreasing, we have
g(x)oR; (x,y)= g(0) QeEeDe

Let T (x) is a arbitraly convex fuzzy truth value, and
Ti{x. )= ;ii\%[’v(x)]

thern it may be represented &s

yf(x),g(x) are monotono increasing

VYrer . T{x)=Tux)ATrix) (6)
<
where T {x)= ’%Eiz) :::i f” is increasing and

. Tix £ x<£ X%, . .
T&\x)=-{"’\x°) Os x<x is decreasing (see Fig.5).

LTi(x) x&x<£1

Lemmz 2. Assume “T(x) ic a convex fuzzy truth value as (€},
ther Yyel, T(xz)oR{x,y)=Tuily)

broof: If y< x,,then T(x)oRs(x,y)= SUF (o) A Tr(oOARg (x, )
=§21; TL(X)
=TY)
If y=>x,,then T(x)oRe(x,y)= EETET'{ TTu(x) A’TK(X)ARs(x,y}E
= filifg Tr(x)
= vf;i(xa )=,UL(XQ)

* } YeT {v)= T"(y) O$y~<~ Xy
S Tt by =Ty )= (00 xg vyt Q.E.L.
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The lemma 2 illutrate, that in approximate reasoning with Rg
the used part of a convex fuzzy truth value T(x) only is its
increasing part Ti(x). This is importance.

Let T(x) is a no-convex fuzzy truth value as Fig.6,

we have Yxe1 Tix)= é.Z’r:Rz) (7)
B i
ET&(I)ATQ(X) (i=1 ’2’00-'11.)‘

Theorem 5, Assume T(x) is a no-convex fuzzy truth value as
w N
(7), tren Yyel ’C(x)oRs(X.y)?\/!T[(y)
=
Proof: From the distributive law of operation "o" to"U"and

lemma 2 it is proved.
Gorollary,In theorem 5, if

Max [7'(2)] =tax [THx)] = oo =i [t™(x)]

ther Vyel T (x)oRs(x,y)= T y)
Proof:0bviously.

From theorem 5 and ccrollary we obtain a new method of eppro-
zimate reasoning——direct method,there meeds no the compositiocn
operaticn of fuzzy relation,

The gener:l steps of direct mehtod fellowing:

Give A,A*eZF(U), BEZF(V) and A—> B, find the B*eZF(V).

1) Yualificatior: From A and A*¥ calculate the T (A/A*) as

T(A/E* ) (x)= e A* (u)
2) Truth valued reascning: Express T (A/A*) as (7),and we by
theorem 5 obtain: » ", .
Vyel T/ (=Y 1iy)

3) Anti-qualification: T*(v)=T(B/B*)(EB(v)]
Example:let A—> B, A,I,A%¥ is given as following:

/Ll
fj ,/“\\A* { # B
Firstlv,we find the “T(A/A* ): Secondly,find the T(B/B*)="T.:
AM L Tw
/-(——’_“Tz b / ‘.\ SN A
T(A"émm' NLA)

Fe an
§

K
Lastly,obtain the B*(v):

- = Y
In above we have discussed on the MP, for M? the theorem 5
need only turn T intoTy e




About SUP-T reasonin:

In this section we disecuss the approximate reasoning under
"SUF -T" composition operation. The T is a triangular norm,which
a8 & intersection operator of fuzzy subsets.@9][10ﬂ

A matter for rejoicing is that, the T-norms satisfies follo-
wing conditions: '

T(x,0)= 0 =x A0

T(x,1)= x =xA1
and the Rg(x,y) is a nonfuzzy relation, i.e. for arbitrary
X, y¢1, have Rg(x,y)e {0,1},

so that T
© tha SUP (A(x)TRg(x,y)]= SUE[A(x) A Ry (x,5 )]

Thus we obtain a unforseen result:all conclutions of " SUP-A"
reasoning with R; are suitable to " SUp-T" approximate reasoning.
Certainly, the direct method is suitable too.,

Conclusion
¥e proved the equivalence of both method CRl and TVR, proved

the "optimum fuzzy implieation" is one and only,it is the imp-
lication "Standarg sequence" of many valued logic Rg.

The direct method of approximate reasoning is given, this me-
thod ie simple and very good for multiple and compound implica-
tion. Aprlication of the method ecan be made to such areas ag
fuzzy control,medical diagnosis,artificial intelligence,decisicn
theoty, etc..
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