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~o etated in [2] , [3J and[4]) ,in soft mathematics the

§

carxle inequality of common metric space does not holds .

¢

-

g e
the ag

Tication of common metric space to taese subjects

[

restricted. To meet the needs of new problems we introduce

~oncepte of quasi-metric space and yseudo-metric space .

some rroperties of these concepts are discussed .At the same time

y

rn

trv tn find some relations between guasi-metric snace
L ]

<

co=metric space and commoen metric space o On the basis

Ps

[\

brve concepts and conseguences we difine a new space ,

reretric space", A1 last we discuss the convex fuzzy

]

arid fuzzy numbers, which is useful in fuzzy mathematics

9]

Ty

2w =t Tuzzy programming.

él <uasi-metric function and quasi-metric space

- Tinition 1 Suppose (X, €) be a poset. Define a marpping

P KxE= (0, o).

P

e is czlled o guasi-meiric function on (X, €) if @

ies tne followirg properties:

(x,5)= P(y,x) for every x€X and every y €X;

) if xgz €y tuen P (x,y) 2P(x,2)VP(z,y).



rr

(X, €} with P is called the quasi-metric space and we write it
& 2y &£, 0 (or (X, P), shortly).
Tinition 2 surpose X be a poset with null element

P: % xi = 10,])
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1) P (x,7)= ?(Y,x) for any (x,y)€ X xX;
) @ ,u)=1; P(x,y)=0 if x=y;

7) if x€zgy then @(x,y) 2P(x,2)VQ(z,y)

U are the null element and unit element of (X,£),

is called a normal quasi-metric space .

roposition Let (X, €, P) be a quasi-metric space and M

o osurset of X, Then (M, € ,?) is also a quasi-metric space .

D-firiticn 3 Suppose (Mg, £, Pi) (¢=1,2) be two

lLari-melric space§. A mapping 4’

V¥ o N, N3

”
[45]

¢ metric-preserving and isororphic ifthe following

() V¥ is a bijection;
() { order-preserving) x&v iff Wx) £, YY) ;
(%) { metric-preserving) @ (x,y)= @a(W(x), ¥(y) );

frvowr two points x and y of My,

irers existes 2 metric-pres2rving and isomorphic mapping
soeno g, £, P) to (M2, €2, Pa) then we say that (Mg, €1, 6)
szmorphic to (Fig, <2, ez)

remark. The publishment of the concept of metric-preserving
aro lgomorphnic enable us to regard the gquasi-metric spaces

wiilch wre isomorphic as eguivalent and deal with one of them whose
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Iropesiticon 2 If ¥ is a metric-preserving and isomorphic

mzry.v- from normal guasi-metric space (Mp, £¢, ﬂ ) to normal

cuzgi-retric space (Ma, €2, €),then ¢ =\P(¢n), Uz = Y(Uy).
wre o Ui{i=1,2)are the null element and unit element of

ox“initiond Surpose (¥, £, P)be a cuasi-metric space, {n)

t- ¢ seguence in (M, £, P)and x€¥, If 1imQ(xq,x)=0, we say that
n-00

vt sequence {Xa) converpges to x, with respect toP(e, *).

we Coao o % othe limit of {Xn}.

fropesition 30 If 1lin xe= y and X.6x€y , (or X, ¥x2y),

n-eo
taen lim xg=x and @{(x,y)=0.
n-

freof Sirce X ¢x€y, we have P(xa ,y)20(x,y)VP(xp,x).

<o

the nronnegativity of

i

yolin@ixa, ¥ =0 an
P , o
0 and 1im@(xp, x)=0. This complete the rroof.

nayxm

vefinition 5 Suppose (1,4,f) be a quasi-metric space

ard x ,€M. Given r 20, the set {x‘xéM, e(x,x)<xx}is called the

[
with center at x =nd ralius r, We denote it by 0(xX.,r),
w0 ie also cailed tne r-neighborhood of xe .

froposition 4 Xa9X, iff for every§>0, there exist

v ©0 Locucn that ndKN implies Xa€0(xe ).
T o RN T e 4 s e o+ 3 . B “J
efinitior 6 osuppese O be a subset of M, The set o~ is calle
Toanies 10 tnere ewistl a open ball O(xe,r) such that O(xe,r)25.
rreveositize & Every point set of a normal quasi-metrice
18 pounded,
celfiniticn 7 suppose (M,€,P) be a guasi-metric space,
SB o vel He€i, TF every neighborhood of Xe contains infinitely

Xe & limit point of 5.

s orointe of 2,y then we cal

ronosition 60 Let {xﬂ}ci, Xn ¥xm(n=m) =nd lim x,=x
- n- o



thne sy le oz limit peint of S.

~y

b g

irnesiately we can introduce the concepts of open set ,

y CCmpact set etc. ant conclude the corresponding

‘Torcelitions, We omit the discussion.

lattice L with null element and unit

by
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ire x£y<= xvy=y, then (L, <) is a poset

Lt onull element and unit element. Thus we can rublish the

croal oquasi-metric space on it. Of course we can publisn

{

siitatle guasi-metricspace on soft algebra.
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82  Some quari-metric functions

woampie 1 Let M be a subset of euclidean space R", M:{
!:":zixf’..'}xn}, ()SXisT’ i=‘},'"‘,n}.

v ox={ Xy ,Xn) and y=(¥1 4y, ¥n) in M, define: xSy iff
4

n), then (¥, <€) is a poset. Define P (x,y)=

_mi_- (‘% IX{-ji]“)e(VdM,fn).lt is easy to show (K, <, e)

L& movral quasi-metric space, Moreover, xa9x iff X n

verres 1oy according to the euclidean distarce. Therefore

¢ .ot of convergent point sequence in (M, € , P ) is unique.

6. Tne @ i rnot sure the metric on M. For example,

iole o kY, according to the rartially ordering in Zxamyplet,
DUFll For xeRland yéR’,definG
E(x y\_ 1x-Yj
JY Jm——
I+ ix-y; °
X . ) "
TIR € ronotone increasing in (0,00), it is easy to

, 1 L ) .
Tt (00, £, @) is e normal quasi-metrie space.



waarpie B0 Let 1‘;’69(?3 is tre family of Borel set§in real
Clrebard rie) 20 (mois the letesgue measure). Take the subset

; vo4 0 ; . ..
i w‘ﬁ,m;, 1 é{flf(uu, o.ﬁfé?}. wWe define a partially

i 0
criderims Mg oon LU

)€ ) (VreX)ET € fa.

The following we define several quasi-metrics on L , wnich
cezl L valuatle,
1) For 7 €1° and g ¢L°, define
t$-91dm .

, e 14-3 i e ($19)dm %0
Piriel=1 Jg (f+9)dm
is casy o show that Q(+,¢) is a quasi-metric on ( L, <.

we 0. v show that the condition 3) holds.

felf=Fldm [ (9-%)dm
fe ($+9)dm  fo (94+fdrdm

7€ € P, then Q(f,?)=

Je(9-9+9-F)dm (. (9-g)dm
Je (8+$)dm 7 fe(F+Pdm
fe ((9-9)+(9-5$)] dm fe (9-5)dm
Je((9-9)+ (§+H))dm ¥ Se (G+f)dm

=P (g, 9);

?'!9 ?)-‘

. . e A a+ X
wi hiave uscd the PTOPOSl‘thH: if O¢ex< y thern +y %
X - . . : 0+ X
- Tor oany z>0; 1f x2y >0, then < X for any a>6.)
y oty J
Vo : .0 " .
P{-,+) is rot a metric on 1%, In fact, take &, €P such
. ., 4 N - - : N
- L B and m(;.;)zzm(:,), f= ;(El’g= g, and y:t It is easy

y

e(r,gi=1, el(1, 9):%. and @ (g, 9’)=3L . Tus @ (£, )t
MR G §}='§h< 1= @(7,2) and hence @ (+, +) is not a metric



di
N . P N N . .
fote. If m{) €00, then the convergence on quasi-metric

ERERIEE T 9) is eguivalent to the convergence on common

vt space (L°,d)( where d(F,

m

)= IE |r-g|dm ). Horeover,

croposition 7 Let m(i) <0 .In the sence of ommitting the

SO
cgui. ity almost everymnere, the limit of convergent point

o

cczience of (1° P) is unique and P(f,eg) is continuous with

e oo f Je15-8ldm ; vgdm< 0
T befine P(f,g)= VDI if  Jefvgdms

0 if S fvidm=o

- . Q N . . .
“asr (4%, P) ie 2 normal quasi-metric space.

(I m{z2) €00, then we have P (fn,f)=0 (as na0o) iff

e fn=5ldmao

v
n
3

500 ) since 0% jE (fVS)AMSM(E) < od,

§3 rseudo-metric space
e RN : . :
cefinition 57 suppose a €(0,00). A rezl function
0 : [0,2) > [0, )
i1=4 a T-function if @ is continuous, Strictly monotone

0 )=, 0"( {0} ) c {0},

- Tinition @ Suppose X be the universe of discourse.

= nwonrnerztive and eymmetric funection 5 on XxX is called a

o reretric funtion if there exists a T-function © such that
Eol is = metric function on X. X with §is called =
oL -metiric space and dencted by (X,8).
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Lelinition 10 A nonnegative and symmetiric function 8 On

v X3 e called A-subadditive if there exist a A €{0,00)
ot §{x,y) € 8 Oz B(y,z)+ A 8(x,2) §(y,2z) for any
LV Zoin 7
Thneorer Let §be a nonnegative and symmetric function,

o7 5 = X -ecubadditive then 8 is a pseudo-metric functicn on X,

_n (I AX)

= e 1 @@ T=function.
InCit+A)

“ut E}z 908 . Yor ary x,¥y and 2z in X we have

“rocf It is clear that 6 (x)

e,x ):: lﬂ (i+ A‘S(xl y))
e ln (14 A)

In (1+AT8CE 1+ 88, P+ A 5§,
InCi+ A) -

<

{14 A 2 [(FA-Sexg) (HA50Y,3)-1]
In (I+A) -

n (14 A 80680+ In (IHAS1Y,8)
In (I+A)

= 0(x,2)+ P (v,2).

TirCE 6 18 norregative and symmetric, we also have P is
connepztive and symmeytic by e= 008. Thus (’is a common

©-1 ¢ function on X. It follow that § is a pseudo-metric

we can also introduce some other metric struc-
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rure zni c¢iscues the corresponding proposition. we omit tne

§4 Yemetric epace

A

1 £ be the universe of disecourse and 70‘ (x) the family



Define the partially ordering" " ifor

! cets in X.
L EFO0 20 BEF (0, s¢E SUAG) S Mg (x) (Vxex), then
Fos, € s peset (Uf course, the other partially ordering
car 2iso defired on % (x) ). $and X are the null element
. reiement, respectively.
~Tinition i1 A normzl quasi-metric P is called a
cepecricon (F(x),€). (F(x), £, P) is called a F-metric
. sntowe write (% (x), P) triefly,
vample 4 Let X= {x.,x,,uh ,xn'}. befine a partizlly
rrime g ASE (2 MAXODS MBI (Yxie X).

gefirne f(i'§)=

= |MAatXi)- g (xi)]
= MAXDV G (XD
=~ -~

o

\//ﬂf (Xi):FO)

otherwise

ﬂA(Xi]

—

(L

sy To show that P (+,*) is a F-metric on (% (x), £€).
{l A<CB or BCA
afine (4,B)= ~
Ple2= 10 A% andBaA .

. *

. In tnis exarmple A <B@A & and there exists a x4

b ~ ~ ~r
2 Mp (g € Mg(x,).

Alre) S A

e discussion irn the preceding sections can be completely
§5 { he Tunzy near Jjegree
{ £ P ; - . \ A RYe v R
(F (=), ) be & F-metric space. Put n(ﬁ,g)-i-»f(ﬁng,

1 {#,e} is a fuzry near degree on % (X).
Ty Fact, it is clear that n(i,é)&%h n(ézﬁjtn(ﬁji); if
2 pv o { s 0 )=1- (’~ Y € P (a D) SRON
PR URCA el \;)L.}“” (~;:v) \( ?<‘):.’;:/v th"xj—
. o N N A s \\_ A - - + .. N s
- P,,’ D EARSE e\;;;‘~,)‘”\’ia‘~’)/\7(—“ L. nence n(e,+) is a
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. .
seer degree on P4

nue we can investigate the behavior of fuzzy near degree

e property of quzsi-metric space.

§G convex Turzczy set and fuzzy number

wili rompiete this paper with a discussion cf convex
et and furzy nurber, wiich is useful in fuzzy programming.
“yigider XECR' and ¥ is & L-measuraple set,p(x) <oo.

Lo clase of convex fuzzy sets in X as %Ft {(x).

bro coition & If A € %Fr (4), then ﬂA(x) €1(x).

rarticularly, we dencte the family c¢f fuzzy numbers in X

sir), vty proposition 8 BE€X(F)D Ad a4 (x) € L(X).

7 Suppose P be a quasi-metric on X(R) and

v -

S Q(i,i; is called the § -neighborhood of A.

o+ Tinition 13 Suppose 4, € X(R) (n=1,2,...0 and L €X(R).

- g

that {An}C”N'eT“e to 4 if P(4n,4 )0 (n—r00) and
" n"):; (n"')w> .

.= clear tnat hp9 A (n>00) & for any €20 there exists

io-eger W€ ) such thet n2R(E€) implies AnG-CMA, £).
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