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Abstract.The paper deals with a problem of decomposi-
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1.Preliminary remarks and problem statement.

In the paper we shall deal with a new and unsolved problem
in a class of fuzzy relational equations,which are treated as
a gquite new tool for analysis,modelling and synthesis problems
in nondeterministic systems.Despite many analytical results in
the area of solving fuzzy relational equations e.g.[6],{7],19]
and characterization of a family of solutioms (cf. (103]415])the
decomposition problem of a binary fuzzy relation has not been
attacked .
The decomposition problem is formulated as follows;
for a given relation R,R=[rij],i,j=1,2,...,n,defined in the
cartesian product ¥*X ,Xé{x1,x2,...,xnj,card(29= n ,find a fuzzy
relation M= [mij] ,i,35=1,2,...,n defined in ¥*¥ which fulfils
condition:
MoM =R, ¢))
where "g" stands for.a max-t composition operator[6],therefore

(1) is read in the following manner;

k\£1 (M (1,xy) t M(Zx)= R(F5h%y)

i,3 =1,2,...,0."t" denotes triangular norm(cf.[6])and V stands
n

for maximum; V b; =max bj.
i=1 1<i<n

Moreover we shall adopt usually

applied notation as given inl2]: F(X%X)denotes a family of all
fuzzy relations(matrices)defined on XxX ,while F(X) stands for
a family of all fmzzy sets in X.By I, we denote a set of first

"n" natural numbers:



99

Z.ocolution of the probtlen

Let us introduce a family of fuzzy matricesjﬁeF(X*X)consti-
tuec ny by n’ matrices ﬂh’l’k)defined as

Zefirition 1.

ik Yo, i, oy T
i 50 g 10) b e, b, i, ke T

v, ik T?y,if pelh,iYy and ge{i,k}
O,otherwise
wiere 1), is calculated from the equation ity =Thy - For

irctance,bearing in mind several examples of triangular norms

- min (T2, THy) =Thr > TRREThy o
- Thk*Thk=Thx » Thk =VThk»

@#%k_1)(yrﬁk-ﬂ)
(w-1) =Thks

- log&!(1 +

vy, =1og, L= 00 R-1 ], 0quco,upt,

ne Tollowing theorem holds.

[

Treorem 1,

For any h,i,k€l  the fuzzy relation Mh’i’k)satisfies formula

I*'(h’i’k)[] I.Q)si'm =R (2)
- h,k
where Rh,k is a fuzzy relation with the membership function;

Thk,if i=h and j=k
Ry, i (X30%9) =
O,otherwise

iroof,Rewritting (2) in terms of membership functions it yields:

VI ) oy
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3 e s b
terause due to the Definition 1 méi'l’L) t é%il’ﬂ) =Ty, only for

i- 7 and é%aj’k)=égﬁi’k)=o for j € 1y ’{i}'

; s 2 . . -
ifcr a given n--turle (11,12,...,1m)of elements of 1 ,we
2

iy our attention on n” matrices ﬂb’im’k)€j1 b, kel ,me 1,2 such

m=k+(h~1) n (3)
rclag, bserve that assigned a pair (h,k)el x I ,there exists an
urigue mel 2 such that(3) holds,and vice versa.

.e recall the following lemmal?%];

Lemma 1.If ST ,S,TeF(X«X)then SmR< TuoR for any ReF(¥+X) .

Yovw ,1if we put down for any me1n2~

g ity g, X
we et the following:

“hecrem 2.

1f the fuzzy relation S given ty
2
n
s=\ s
m=1
verifies an inequality S€ S'1CD R then (1)holds; @ is an inverse
conposition operator applied while solving fuzzy relational
ecuations with sup-t composition (cf. [6])[7]).8'1 denotes a tran-
-1

srnogition of S,85, =8y s,
: rP ik ki

‘reef,From Theorem 1,for any given pair(h,wééln x 1, we have:

n n
] (@) (@)
/ 4
Vieny tsp)> 3.\11 Sh3tS k) > Thx (4)
with m defined by(8) .The abovestated formula is fulfilled for
all indices h,k €1 ,s0 SpnS 2R.Furthermore from[61[7]we deduce !
s0s <(s”'@ R)pS < R . (s)
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verefore from (4)zﬂui(5)we obtain the thesis.

“he flowchart of the algorithm of decomposition of the
“uzzy relation is given in Fig.1.
Sicu

S
>

s

:f the algorithm does not provide S,we speak about nondeccmposa-
tie fuzzy relation R.Then we can lock for the relation S which
fits "the best" in sense of a performance index imposed .Consi-

cer for instance the sum of Euclidean distance equal to

n n
W= . tsy s-rs )
ik "k 15.

i=1 =1

Trhen we get the optimization problem:

min
O¢s.,.< 1

. . 3
l’J 1’2’...,n

{1

:n order to solve it we use an iteration scheme proposed in [87;

4

T+ 1)
5%;1 =£?v "aK@Q/mSuv < =S(K)

uv uv

u,v=1,2,...,n,K =0,1,...., with an initial condition QQL =0,
and ap being a parameter adjusted in an experimental way.
we shall illustrate the application of the method provided with
“re help of a numerical example.Let a fuzzy relation R is given
as foliows;

0.6 0.4 0.5

0.4 0.6 0.5

0.2 0.3 0.7
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.e crecify the triangular norm as a minimumjhence ¢ stands for
d- .
: ve21 known operator introduced by sanchez [ S]:

1,a<Db
adb=
b,a>b

‘o.lowing the scheme in Fig.1 we have

0.6 0.4 0.5
= C.4 0.6 0.5
0.3 0.0 0.7

and 505=R,

Z.2cncluding remarks

Je have derived the algorithm of decomposition of the fuzzy
Telation with the help of several results given in theory of
“uzzy relational equations with triangular norms.We would 11ike
+o underline an applicational importance of the problem under
¢ iccussion.Let us consider one of the problems in fuzzy relatio-
rnel system where the use of the decomposition algorithm is
s+rairhtforward.The fuzzy system of the first order is descri-
bo¢ by means of the eguation?

Xk+T=Xk oR
AR,AK+T€F(X),R€F(X*X),where T denotes a sampling interval between
4-cerete time moments.We are interested in finding the state of
‘e svstem in the k+T/2 time moment.Thus we are looking for a
fuzzy relation S€F(XxX) ,such that Xy, p/p 08 =X, 05 and Xy p=
Ly yp /2" 5,80
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k:k'ﬂ

h=h+1

Y/ k<n R is not decompesable




