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Abstract

In this peper an approach to so called probabilistic
L~valued logic system constructed by the use of Hirota’s
concept of probabilistic set is considered.

Some vacic notions of L-valued logic are discussed at
first and then after a short introduction of the concept
of probabilistic set and its distribution function descrip-
tion the fundamentel notions of probabilistic L-valued logic
are presented.

Thie consicerations are illustrated oy mesns of numerical

example.

Key words: TFuzzy set, probabilistic set, distribution function,
multiple~-valued logic.

1. Introduction

In the two-vealued logic it is assumed that every proposition
(varievie) is either true or false. The formulas(respectively
jormed expressions)have also two truth-values. In fuzzy logic
based on the concepts of fuzzy set and symbolic logic being
a special kind of continuous multiple-velued logic it cen be
assumed for truth value of a formula eny value in the interval
LO,lJ or in a iattice of resgective fuzzy subsets.
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sho el edbraic model of a fuzzy logic is not the Boolesn algebra

“ut the iWorgan algebral5].

Coe generslly, it may be consicdered e logic system whose truth ve-

ues belong to & lattice szﬁb,Ivz{A[A :[O,ﬂ—*{b,ﬂ} « The further
reneralization of such system might lie in using instead of lattice
;;:?@L}p , & lattice of probabilistic sets in sense of Hirota|3]i.e.
s, ) = ks s 0, 1]xQ =P, 1]}

e peper 1s organized as following. Section 2 presents a condensed
weseription of I-valued logic system end its main notions.

-r. section 3 the concept of probabilistic set in sense of Hirota is
rerinded and its distribution function description is presented =zs wellhl
section 4 presents main notions of probebilistic I-valued logic system.
Consideratione are illustrated by means of numerical exemple.

.cnciuigion remarks pointing out that two-velued logic, L-valued logic
¢re enbedded in the probabilistic L-valued logic are included in Section

®

2. Besic notions of L-valued logic system

~ceerding to [4”5] let us remind some basic notions of L-valued
~Cole systen,

~et be gziven a set of elements ¥,v.gaset of information items.,
Zerntling oy D a descriptor ¢f an element xe¥, it is possinle to
consicer the proposition " x has D " which will be symbolized by
¢ single letter D. If D is interpreted as a fuzzy descripter, a truth
value T{D) will be refered to as a numerical truth-value, e.g. T(D) =0.7
Supposing that T(D)is not & point in [0,1] but a fuzzy subset of [0, 1]
we can treet truth as a linguistic variables.

tore generally, we can consider & logic system whose truth velues
beiong to a lattice L. This system is defined as follows: -
Zefinition 2.1

sn -valued logic is called a system dC=CD, L, T) (1)
M’!ere 'z)

is the set of propositions

L is a lattice

T is s mep T :D L (2)
vilel essigns to each proposition De? its truth value T(D)eL
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Ihe truth value map T must gatisfy the following properties:
PTRUR) = T@RUT(Q = nex (T(R),T(Q)
T(RNG) = T@NT(Q) = 2in T ®),T @) &
i I(R) = TR =1 - T(R)

1!

i most cases a Morgen algebre will be used as the truth set L,

I connection with linguistic variables one have considered as

# netural way to use the truth set as szﬁQ,E}: {A fA :&3,&~»EL]H.

For example, " very true " » " not very false " can be used as fuzzy
teet of [p,ﬂ belonging to [Q,?] . Thus the truth value map is

tne rollowing

T :60 —=[0,1] (4

4
#eie propeiiies 1,111,111 hold.
course, a description of an element of ¥ might form 2 formula
l.e. 2@ composite proposition.
i L=vaiued logic cen be defined the notion called " satisfiability ™
o7 = formula using & concept of measure of fuzzinese[2].
Definition 2.2
4 Yormule DeX ic said to be valid (inconsistent) in sense of energy

nesgure of fuzziness, if

nre) >3 (Gao) <))
masr all of its assignments where di(T(D» denctes a normalized
crergy neasure of fuzziness of fuzzy set T(D)defined as the following

A= 5= (200 ave ©)

1]
Tor tinite measurevon|[0,1 (% :)J[Q{I<joo)

()

I
2

formule e is seid to pe invalid (consistenp% if D is not valig
(it 12 not inconsistent) in sense of Definition 2.2,

“#ving cefined 2 literal (a veriable or its negation ), a clause

= Sissunction of literals) and a phrase (e conjunction of literals)
one ~Aan suild up a disjunctive (conjunctive) normal forms of formulas
in l~valued logie. While it is possible to give some results for
2valuation of validity of formulas for two-valued logic by an
excaustive examination of formulas for all possible assignments,
Liere 18 necessary to investigate the validity of formulas in
~veined logic in sense of Definition 2.2.
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_. Tie concept of probabilistic set and its distribution function

representaticn

Now we will remind shortly the concept of probabilistic set in
the sense of Hirota [3]. Introducing the following terms:
(52,8,7) is & parameter snace (probability space)
_C,z,éfm) = ([0,1] , Rorel sets‘) is a characteristic space
we will give a definition of probabilistic set:

11
setinition 2.1

srobepilistic set A in LO,I] is defined by a defining function
A2 [0, xR, (7)
wiere L(x, ) is the @,.@C) -measurable function for each fixed x¢ [0, 1]

A1 propnapilistic sets in [0,1] is said to be a feamily of probapilistic
sets znd will be denoted byPF(X),]]) . Some useful operation inPF(O.[])
cen e cefined. The most important operation for us are the following:
uriiorn, intersection and complement i.e. for A,BEPF(@,]]) we nave
AUEB(x,0) max{A(x,w} , B&,0)}
ANB (x,0) ﬂlin{A (x,0) x‘:i(x,w)} (8')
Z(x,w) = 1 - A(x,w)
from e Ilormal point of view A(%,r) can be treated as a random process,

H

"

wien the following condition is fulfilled

%é[@,ﬂ%c[@,l} {er AEx,W)<z }eB (9)

Ye. w2y also say that A(x,~} is a random variable for each x Tixed.
Introducing the inclusion relationginpf([o,g} it ie shown that@(@,ﬂ)}g}
coretitutes a pertially ordered set{3]. InéF([O,]]),g the following
vsws:idistributive , de Lorgan’s, commutative and associstive hold,

i Tuzzy set thzory there is here a lack of complemented leaws.

Aow we will iatroduce a distribution function description of

‘etining function of provacilistic set. Considering now & multi-
‘ixensional distrioution function for any set of numbers X 3Xpyens
. ,‘,?;:ne[o,ﬂ y where the number n is cnosen arbitrarily, we hLave

W

“A(x}) (X)) eee A(xn‘,<z1’z‘c"'°’zn> =

= P(fw: A(xy ez, A(xz,w)<z2,...,A<xn,@< qu‘) (10)

i

e cirstriouticn function must eatisfy the following two co1 i tions.
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2
= F %y 2y eeel )
< ; A ’ ’ A
ﬁ(xj)A(xg)... h(Xnﬂ‘] 2 n 1)
‘alds *er any permutation i,,i2,...,in of numbers 1,2,...,n
e compatibility condition: if m<n, then

I w ; (z ,ZQ,...,ZI,ﬂw,...,ﬂW):
;‘1|K])A(X2).‘0 I“S.(Xn) 1 & m ]

}’";a(xﬂs (p)ee A(xm)(z1’z2""’zm> (42)
'w.te of the importance of max and min functions of probabiliistic
seta o further considerstions we derive their distributicn functions.
“or tirdls purpuse the following theorem holde true[]]

fheorem 3.1

Yot a,XQ,...,YD are provabilistic sets of the universe of discourse
(o] . oF J],Xg,...,Xn #nd their respective collections are characte-
rlred by distribution functions , then the distribution functions

E s (7 Jo¥oy e, X ) and min(Xi,Xg,...,Xh> take the forms

‘max(X1,Xz,...,Xh)(x)(W)= F X1(X)X2(X)... Xn(xﬁw’w""’w) @3

n -
“win(Xy, Ky, e VX ) (%) “"F; ij(x)(‘”) - E i’xj (x) Xk(x)(WrW) +

1<i<kgn
+1
A G I)n T“ (X) (x) XF(X (w w,...,w) ” (44‘

wssuring edditionally the independency of the whole collections o Xy
for exch xe ¥ , the distribution functions of max end min functions
“i L rewritten ss follows
n
Fmax(xl,Xz,..., )@)@7 ::giz; FXJ(xfw) Mﬂ

n
fmin (€, %y, 00, )@@ =0 Zl‘ - Py (x)(‘”)} ve)

Yo srcof of thet tieorem can be find 1n[1]
Tl 2is0 neces ssary to have a distribution funection of & complement
ot srebapilistic set. For that we will prove the next theorem
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2 probabilistic set and A denotes complement of A, then the
“istricution function of A has a form

G -w -P (&J:A(x,w)= T - w}) (47

) #M =1-F,

“Fix (X)

o
v,

@10y the obvious equality

? (fw EGwagw}) 42 ({or B ) = 1

et

P :ﬁ‘(w): P({l\).‘A(X,L\))L_W}) =1 - P({wﬁ(x,w)}w}) - P(F{u: A (x,w) “W})
Tf(ﬁ(\v}: - P({wll - w>A (x,w)}) - P({U;A(X,w) =1 = w})

erice

W= 1 -F. (0 -w - p({w; A,w)=1 - »}) <.E.D.

A (X)

+. Ihe fundamental notions and definitions of probabilistic L-valued

1oxie

et 13 assume that a descriptor of an element xe ¥ will be
represented now by the probabilistic set D such as introduced in
‘wction 3 endé will be called a probebilistic descriptor. Suppose that
I(2)is neither & point in [0,1], nor a fuzzy subset of [0,1] but it
w111l e represcented by 2 probabilistic set as well. We can consider
‘urther generalization of the logic system shortly presented in Section2
wheo-« truth vaiues belong to. s lattice of probabilistic sets.

ow we will introduce the following definition of probabilistic
1=vaiued logic system.

Definition 4.1

Frobsnilistic L-valued logic will be called a system

Pl = (;D, L, T) (-/78‘
where ) denotes a set of propositions
L =PF(o,1]) = {a]s :[0, 02 —[0,1]} (19)

1s & lattice of probabilistic sets
T is e map
T :D—~=L %)
~aetruth valus map T satisfies the properties i,ii,iii from Section 2

&

s ®



'P(RLJQ) = T(RuT®@ ,
t(kN2) = TANTER) 2
t(R)= TR =1 - T(R)

‘I e 2lements belonging to lattice L =?¥¢D,ﬂ) can be considered
. linguistic variables as " probably very false ", " probably
very triue " oete.

Jexing into account a distribution function description of =211

crovebilistic sets  truth values we obtain the following expressions:

frug®™ T Fr@oo®)

S P T Fp®t Fp g = Fpgypgfe) @)

i FppW) = Frol =1 - T(R)G-w) * P{w: MR= 1-w))
Y= nen also try to define in probabilistic L-valued logic an
ennlogical concept to this one that is called " satisfiability
iv ~valued logic. For this reason we will use the concept of measure

f.zziness of probabilistic set[2} We can use, for exemple,
th.e energy measure of fuzziness. Denoting the energy measure of T (D)
whieoo 1s t random varieble by dﬁ?(D» we can introduce the following
efinition:
Jetfinition 4.2

Yecrmule Hed is said to be probabilistic valid (probub11lst1c incon-
z gtent) in cense of energy measure of fuzziness,if

1% \ [ * i 1 .
Cn (I (D)‘)(’«)) > ? (dn (_i. (D)}(w/\s-z- ) a6 we Q (23)
D osens:z ol mean value of probabilistic sst T(D), if

o) > (o)) (24

‘e can also build up other criteria for estimation of probabilistic
veo 1dity (probabilistic inconsistency) using the distribution function
eecription of probebilistic set T(D). Of course & formulis De 0

s2id to be probavilistic invalid (consistent) if D is not
arooasilistic velid (it is not probabilistic inconsistent),

J¢ can also introduce as in Section 2, such concept as:
probebilistic litersl
probabiligiic clause
probabilistic phrase

we e verisbles are represented by respective probebilistic seis.
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toic =lso possible to introcduce in probabilistic L-vealued logic,
¢ i+ is deone in L-valued logic, the disjunctive‘@onjunctive) normel
“crre of formulac hecause of the existence of distributive lews

vt

no e Lorgan’s laws In a lattice of preobabilistic sets. We can see

o

at there is no systacticel difference between formulas in two-vaiued

i

- S

Cowever, takingyaCcount the distribution function description of
srooabilistic sets it should be noted that there is a lack here the
Jdistributivity between mex and min functions of probabilistic sets
~escribed by means of distribution function <1et us note that algebraic
{prnbebilistic) sum (g+b-2b) anc produc%&%%e not.distributive),

-& nn exampie let us consider for simplicity, uniformly distributed
croosbilistic sets RO Q, and S of [C,1] as in Fig. 1, connected in the

ein, in L~va%3fg logic and in L-valued logic es well.

;Aﬁ(BLJﬁﬁﬁg creating & probebilistic descriptor D
.e1 s determine the validity of D in sense of nean value of =all
crobabilistic sets.
into account that
(D)= unin {max[ TR, T 1 - (s ) Voeerof

“fler some colculations we get

H(EaO) - § <]

. A - . Jot cos s v o s "
tt, Jdenotes theat 1(D) iSYprotebilistic velid in sense of mean value

MKIne
&

teine into account &n energy measure of fuzziness. -
JTRLT(Q) } T8, 7(3)
1 e e ot 1 o e e . e 1 i, e - .

— -t

)
NN
o
Q}“
i
)
>
—

5. vonclugion =g 4

tais pener it has veen pointed out that two-velued logic and
~vroived logic are embedded in the probabilistic L-vealued logic,
wipet reeuits from the emoedding of crisp zet and fuzzy set in pro-
Tanilistic set.
‘as ng on precented notions cf provavilistic L-velued logic it is

ot e to coeracterize scme other notions e.g.
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min (1, 1= T(R) + T(Q))

AN SN
‘/\..i
» Ty
P
pa
i

R}, T(Q) are proosbilistic sets
"ere ‘g possible to obtain some interesting results for validity
\;tﬂonsistency) of formules using the distribution function descrip-
Loormoo% probebilistic sets and the concept of energy measure of

“iaess but it ehould be & subject of further investigzations.
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