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A NEW APPROACH TO THE FUZZY CARDINALITY OF FINITE FUZZY SUBSETS§
Macie]j Wygralak

Institute of Mathematics, A.Mickiewicz University,
60-769 Poznan,Matejki 48/49, Poland

1. Notation

Let U denote san universal set, N denote the set of natural
numbers (including zero), A be a finite fuzzy subset of U. Moreover,
let I:=[0,ﬂ s IO:-—(O,ﬂ, At:={x: A(x)> ‘b}, where := stands for
"equals by the definition". The usual cardinality of a crisp subset
Z will be denoted by cardZ.

ILet us sort positive membership grades in A in descending order
a12.a2> cee> By s where n=cardsuppi, and add a,:=1, aj:=0 for
j=n41,042,... o If A is empty (n=0), then the sequence collapses

to 80> &1=a2333=-00 ’ i-eo 1>0=O"==ooo .

Fuzzy subsets of N will be called fn-numbers(fuzzy natural
numbers). Let P denote a fn-number. The following notation will
be used:

P=(go:81:~"sgm)’
where g; (01§ m) denotes the membership grade of i in the
fn-number P,assuming that membership grades of me1,m42,.40 equal

Zero.

2. Fuzzy cardinality as a fn-number
Pirst definition in which fuzgzy cardinality of A is in the
form of a fn-number was introduced by Zadeh in /3/:

BFGCountA(k)z:max{?elo: cardAt=k}.

§ﬁhis is abstract of a section of the paper "On fuzzy cardinalities
and fuzzy binomial coefficient"(submitted to Fuzzy Sets and
Systems Jourmal).
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One can consider BFGCountA(k) to be degree to which cardinality
of 4 equals k. BFGCount, is examined with great care in /1/.
Unfortunately, the additivity property

BFGCount NC) BPFGCounty=BFGCount AnB @ BFGCount AUB °

where @& denotes the max-min addition of finite fn-numbers and

(P@Q)(m):= max min(P(1),Q(3)),
i¢j=m

does not hold.

Another definition of fusgzy cardinality of A was given e.g.
in /4/: FGCountA(k):=max {teIo: éardAt>/ k}. The following proposi-
tions are then valid:

(i) PGCount, (k)=max BFGCount, (1).
A - A
1>k

(ii) FGOountA=(aO,a1,a2,...,an). Hence FGCountA is convex.

(iii) AcB implies FGOou.ntA c FGCountB-

(iv) FeCount, @ FGCounty=FGCount, , @ FGCount, .5 «
Using the formmla (ii) we get for a crisp m-element subset Z of U:
FGCount,=(1,1,+40,1) with cardsuppFGCount,=m+1.

This result is, however, explicable. It suffices to assume that

FGCount (k) measures the degree to which a finite fuzzy subset has
at least rather than exactly k elements.
D.Dubois proposed in /2/ another approach to fuzzy cardinality.

Let 5, (A):={Y: Y is orisp, card¥=k, Ay ¥} Then Puzzy cardinality

of A is defined by means of a fn-number Crd,, where

crd, (k):=(0 if 5. (A) is empty, else  max min A(x))
YeS, (A) xeY

with the understanding that miz#(x):=1 (because SO(A)=6Q} if A,
x€E

is empty). Basic properties of Crd, are listed below:
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(1) CrdA=(O,...,O,1, +2,...,:3,]&), where cardA1=m. The constant

®me1° Em
sequence of zeros consists of m elements. Obviously CrdA is
convex.

(ii) CrdAzFGCou.ntA if cardA.l:O.

(1ii) Crd, @ Crdp=Crd, 5 @ Ord, p -

3. A new definition of fuzzy cardinality

Let Pk(A):={Y: Y is crisp,Yc suppA, cardY::k}. A finite fn.number

Cd, such that €d,(k):=(0 if P, (A) is empty, else max dist(A,Y)),
A A k
YePk(A)

where (for p,qel) p—aqi:=min(1,1-p+q) (FTukasiewicz implication
: operator),

p<+sq:=nin(p—+q,q—p),

dist(A,B) :=min(A(x)e>B(x)),
. xeU

will be called Cd-cardinality of A. One can consider GdA(k) to be
degree to which A has exactly k elements. To be exact, CdA(k) is a
quality of the best approximation of A (using the criterion
dist(A, )) by means of k-element orisp subsets of the support of A.
The following properties of the Cd-cardinality hold:
(1) CdA(k)=min(ak,1-ak+1):=min(FGCountA(k),1.'.FGCountA(k+1)).
(ii) CGA(k)=1 iff k=n and A is crisp.
CdA(k)=0 iff kD>n or (k<{n and cardA1>/ k+1).

(iii) CdA=(1—a1;1-32.ooo,1'-a ‘ooo,an)g where

p’8p’8p+1
p:=min{l: al"'al.né 1}. Hence CdA is convex.

(iv) It exists at most one natural number k such that Cd,(k))> 0.5.
(v) Cd,= 20dy 5N 20«10‘5‘%*0‘5 » where (cF)(x):=min(1,cP(x)) for a

finite fuzzy subset F (c>0) and (0.5A40.5)(x):=0.5A(x)+0.5.

(vi) FGCount, = gch.SA .

(vii) OdA ® Cay = CdAnB @ CdAuB .

(viii) If cardU=m<eo, then Cd (j)=Cd,(m-j) for j=0,1,...,m (A° de-
A ‘ .
notes complement of A).
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Properties (iv) and (viii) do not hold for both FGCount, and
Crd,. Property (iv) sayé that the Cd-cardinality of A "favours" at
most one cardinal number. Property (viii) is a fuzzy counterpart of
the equality cardz®=m-card?, where Z denotes & crisp subset of a

finite m-element universal set.
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