Vaguely Formulated Coefficients of Linear Inequalities
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Systems of linear inequalities with coefficients that
are not given fixed are examined. Two cases are considered:
systems whose coefficients gain their values from a given set
with the same possibility of realization of each value and
systems with fuzzy coefficients. Various types of solutions
of such systems are defined and characterized.

1. Introducticn

Solving problems of mathematical economy we often encounter
the problem of findinc nonnegative solutions of a system

of inequalities
AxX&Db .

The matrix A and the vector b are usually supposed to be fixed
characteristics of the modelled reality. Nevertheless, description
of many real situations leads to systems with coefficients
that are not given uniquely but are variable in a certain sense.
Such systems will be considered in this paper. Firstly,
we mention the situation when coefficients gain values from
a given set and possibilities of realization are equal for all
values. We introduce two types of solutions and show some
possibilities how to characterize sets of these solutions.
Thereafter we consider systems whose coefficients are given as
fuzzy matrices. For this case, that in fact is a generalization
of the previous one, we again define two types of solutions and
mention some cf their properties.
This paper represents just a brief account of some results
obtained by the authors. Therefore, proofs are ommited and

motivation is only sketched. -



2., Systems with variable coefficients

2.1, Formulation of the problem

The following system of inequalities will be examined:

(l) A x¢& b,
x2 0 .,

with A being an m by n matrix, x being an n-vector, b being

an m-vector. The matrix A is not fixed, we only know

that it is an element of a given set & & En /the set of all

m by n matrices is considered to be identical with the Euclidean
space Emn/‘ Without loss of generality the vector b is considered
fixed /the case of b variable can be carried over to the above
mentioned case/. We consider two types of solutions of the system

(1) and define the following two sets:
K’(‘“{XeEn; xz0 , Yach [A xéb]} ’
{ern;sz, dach [Axsbly ’

X

a

calling a vector xe¢ X;s the pesimistic solution of the system (l)

and a vector x6€ X3 the optimistic solution of the system (l) .

Example. The system (1)is often studied for a matrix interval.f%:
Az{aen 7 ar<nrsE},

with A , A being given matrices / " <« " is the "naturally’
£ d g < Y

defined partial ordering of Emn/' Another case is a finite set
A = {Al, Byy o-. ,ASS .

2.2, Description of solutions

As it can be easily seen, Xﬁf is a convex set while X3
is generally not the case,

et us define

{ern) xa 0 , ‘VA&ES,)Q[A xsb}} ,

AV

X, :{ern; x>0 , BAEEE)’.A[Axgb]},

where EEJ% means the closed convex closure of the set & in E -
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Then following assertion holds.,

Assertion 1. Let ﬂ: < Emn' Then
(2) Xgp = Xy o

(3) Xy e Xj

Generally, the inclusion opposite to that of relation (3)
is not wvalid.

In order to obtain a result similar to that of
relation (2) , the following concept is introduced.
We say that a set A CE

sets fkl, f¥2, PN

has independent rows if there are

,&mr ﬁ;ic En for i=1,2,...,m such that
A is the Cartesian product of JQ i ¢

Aom e x K, x xR

Assertion 2. Let ﬂ C Emn ’ Jot has independent rows. Then

(4) Xa = _X-‘a .

Moreover, if Jac i i=1,2,...,m are convex, then X-3 is also
convex.,

Remark. According to (2)

and (4) we may confine ourselves
to closed convex sets R

. The closed convex closure of & may
be of far more simple

structure than the original set A
If e.g.

.

S A is a convex polvhedron than /as it can be easily
verified/

¢ 7 %3

are fully determined by their vertices.

3. Systems with fuzzy coefficients.

We shall deal with the system

(5) e x
X

n

b
20

with & being an m by n fuzzy matrix with the

Pt E —>» <0, 1> .

membership function

Denote the /@ - level-set of A& / A €<0,1>/ by .70(/3

ﬂ«ﬁ:{AeEm; /‘“{A)?_/;}
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and set
X‘(3 = x€E ; x2 O ‘V‘Aéﬁ [Ax<b]}
4{-- nl - ’ /_), = ’
xg -{xéEn;xgo,aAéﬂA[Abe]}.

The fuzzy set X'V‘ in E  given by the membership function

(6} Yy E,—> L0, 1D, y’v(x)=7\({(3€<0,1>7x“xﬁ})

/where A ( M) means the Lebesque measure of the set Mc El /

will be called the pesimistic fuzzy solution of the system (5) .

The fuzzy set :Xa in E, with the membership function

(.7\) 3&3: En——-—)<o ’ 1> ’ Ya(x) =]\(‘{ (3€<O ’ l> ; x€ Xa&})

will be called the optimistic fuzzy solution of the system (5) .

Remari . The problem (5) is a generalization of the problem (l)

SUI

as it can be seen by setting

P for A¢ R

() =
AN ¢

or A€ f% .

Remark. Immediately from (6\ and (7) we have

——

yﬁ,(x)- 1 - inf{ﬂ,é(O,l);xexi} ,
fax) = sw {B6<Lo, 1y xexg ).

Remark. Consider o2 ~level-sets of ‘XV" 13 / o €O , l) / .

S

It holds:

(8) Xo= % 0 X5 x; :

Conclusiocon.

(i) X%fis a convex fuzzy set, since all its level sets are convexX.

(ii) Let the fuzzy matrix f} be given by the membership function

/A‘A(A) = minyi(ai) ,



with A = {.al, az( - 5 ’ aié Em /ai are the columns
of A / and

yi : Em——><o ;1)

beina gquasi concave membership functions. Then )(3 is a convex

fuzzy set as it follows from (8) and from the Assertion 2.
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