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REDUCTION OF FUZZY AUTOMATA

Jiri Moéko¥

mong various types of automata, as is well-known, are

deterministic, nondeterministic and probabilitistic automata.
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ee [l] proposed one another type of automata which he
fuzzy automaton. Fuzzy automata include basic types of
automata. A fuzzy automaton is a type of automaton which
transite from a state to another state or the same state
he branch whose membership function is the largest one
those of all branches diverging from the state when an
is applied.
We consider the following (Moore) type of fuzzy automaton,

zy automaton is the following couple,

Wi per

M= (s, =7 ,[r(6):6€X} | q),

~

is 2 finite set of states,

ii is s finite set of inputs (input alphabet) R

T is an initial state designator , i.e. T & S

(the symbol C denotes a fuzzy set in S)
for emch G € 2 , F(6 ) is a fuzzy matrix of order n

{the fuzzy transition matrix ) ,i.e. F(6)<s x s,

* is a subset in S, the set of final states.

fvery fuzzy set A in S we call fuzzy state of YL . If an

LA BRI

signal e Z is accepted by 0(/ , the present fuzzy state

©+014) will change on the fuzzy state A(new) = AoF(@) ,

where Yo"  is an composition rule of fuzzy relations.
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rhis note we deal with so ctalled optimistic fuzzy automaton

i.e.  "o" is a min-max product.
The principal identification of fuzzy automaton may be done
pts putput functicon fa R

e
Ty 2 ——» [o0,1]
*
an(x) = Mo F(x) oG , x € 2
*

whe e for  x “61“‘6}1 e > we have F(x) = F(G’l)o.aoF(G"m),
art 5 is considered s a trivial fuzzy set , G Q;S, Clearly,
5 is designated as the grade of transition of a, , when
i1arted with initial distribution T over § to enter g

«tute in G after scanning the input sequence x. Then an

rrpt sequence % is said to be accepted by ﬂ, with grade f"%(x).

i this note we deal with a reduction of a family of states
¢ Al in such a way that for a new&created automaton ZE
with 4 reduced set of states its output function will be
rpnraximately the same as the original one. For classical

zatomata this problem was generdlly solved in a procedure of

misamalization that uses a notion of homomorphism of automata.

we show, ot first, that this procedure is not ffective in a
family of fuzzy automata,
Tt shoull be observed that in a family of fuzzy automata

s possible to introduce the notion of a homomorphism that

tosely related to the original one.

DEFINITION 1. Let M. = (s, Z ..., {Fi(5)=5167i_} Gy

‘=) 7 . he fuzzy automata, A pair (d.p ) is called a
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to AL, . (k. G):M,—>1, ,

Hesomorphism from '{Ll
L 4 5;}----» 32 . (5: Zl———az,) are maps such that the

o1 owing diagrams are commutastive,

3 A
Ty > 7, Sy A S,
v, N / ™, g, N / c,

[0.1] ~ [o,1]

Lo,1]

“he hasic relation betweer: homomorphisms and output functions

.-

«xrresses the following proposition,

P0POSITION 1. tet (o ,() : 4,—> U, ve a homo-

Trea

reiratiiem such that ol  is a surjection. Then the following

, * .
“iagram commutates, where (5 is the canonical extension of (‘S .

1\ / i -

ALy [0.1]

r oo f., Since (A& ,(>) is a homomorphism, we have

(1 & for every s,t € S o'e .
T ) Fo(s,a(t((b ) y 1 Zl We show

2
tnat for every x € Z; the relation F;’t(x) = Fo(s,o(t:((s*x)

@3
For

Hotds, where F we identify with the canonical extension

05, xS, x Z‘; —>[0,1] of F' . The proof of this will

) oo I
F i

“done by induction with respect to a length ’xl of a word x,
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*
The proposition holds for x & Zl such that \x\:

LLe, X E‘.Zl . Let y € Z’; be such that y = x.¢

xi & ono, @'ézl . Then

1

’

¥

e ®) = N (R, (XDAF (6)) =
? pes *
" 2 »*
/' (F () AF . (36)) = \/ (5, (B%) A
ves, As,Ap & APt q€& S, '

AR BE)) - FE L (BBE ) = B ()

*
Now, let for every x € Zl ’ X is a fuzzy state such that

e

e commutates,
A
_——.———.——_’
S1 S

¥ N

I+ fact, using the above relation we get

¥(s) = (W, o F(x))(s)

2

T d
(A

[o,1]

&

pésl

NV (my(ap)AFE () = V(T (0) AR

» S t
rée 1 €82

; 2 nit .. ™l
(T, oF (F"x))(As) = [Hx (dhs).

oo * -
ally, for x € Zl we have (here fi iz f )

fy{x) =

1 1

8631

V. R(s)Ac () = V (Fx@s)Ac,(ks)) =

ﬁ&bl seSl

NV (W (P)AF (x) =

Yo T, o Fl(x), Then for every x € il the following diagra-

e
16 (€)=

o F (x) 0 G, = V ((W,0 Fl(X))(S)AGl(S)) =
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N (R AG, () =T, 0 F(RR) 0 6, = £, ( (%),
11652 -

Now, &an analogy of classical construction of minimalization
=¥ fuzzy automaton requires to construct for any fuzzy automaton
N - {S.ZZ,“‘.{F(WY} , G) equivalence relations R, T on
‘he sets 3, 2 , respectively, such that the canonical maps

A 1 F——>S =S/R, B:Z—> le 2/T create homomorphism
/«,{53 : MI'————€> E{ , where E{ is a fuzzy automaton with
the input alphabet ':'?_'_]w and states S1 . The natural question
nriging here is the following : What are the nec_essary properti-
s of equivalence relations R and T ? Using the definition
#f homomorphism it 1s easy to see that the following properties
migt he satisfied,

Yy If (sl,sz) € R then 'W(sl) = ﬂTsz), G(sl)zG(sz)e

2) If (sl,sz), (tl,tg)eR , (0‘1,0‘2)& T then

F .tj(°/1) = F VQB’Q) , i,j,u,v e {1,27 .

si su,t
These conditions are rather strong and in almost all real fuzzy
sitomata it is not possible to construct equivalénce relations
whieh satisfy these conditions,

For these ressons we abandon the exactness in the definition
-f reduction of fuzzy automata and return to approxim::htion.
¥1th this modification the reduction of a fuzzy automaton may

v done as follows,

et £ 70 be a real number (the level of identification)
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and let R (= Rg ) be an equivalence relation on S with
the following additional properties (here s denotes the
element of the factor set S/R such that se § ) :
For every s€S , t,r€s the following hold :
{1} For every p€S, G€7 vye have ]Fr (6)- Ft,p(r)\<i,
[ Fooo(8) - Fp’t(o’)!<£ )
2Y W) -w(r)|<e

3) | o(r) - G(¢) |<¢ (i.e. G(r) = G(t) ).

' P

Lt real situations a decomposition of S with these properties

{for various £ ) may be , clearly, done. Moreover, we construct

» new fuzzy automaton ULE as follows., We set

(s = (1’/173,‘) Z w(t) , where ‘il is the cardinality

?‘;(5);}.{
0, iff S NnNG=4¢,

F (&) = (1/13] .|E1) Z F, .(6) .

igs,jet 'Y

Let mig (5'2 , Z ,T" ,{F‘(G’)} , G ). The main result of

this note is the following theorem which expresses the relation

L]

between the output function f of 4l and the output function

of u.i. &

THEOREM 1, For every x € Z* we have

if(x) - f (x)\< E(lx] +2) .

;. most real situations we deal with input words x with
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restricted length , [xl < no .Then from a required assumption

11

LfixY - T (x)\<15 we may compute a level of identification §

ma—

aned ronstruct a decomposition S2 of S,
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